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Abstract

Interior eigenvalue problems arise in many scientific and engi-
neering applications. This paper presents AdaPolySI, an adaptive
polynomial-filtered subspace iteration eigensolver for large Her-
mitian interior eigenvalue problems, based on a Chebyshev approx-
imation of the step function. AdaPolySI dynamically adjusts the
polynomial degree as the iteration progresses, thereby reducing
the number of sparse matrix—vector multiplications (SpMVs). We
provide a theoretical convergence analysis and a practical strategy
for selecting the polynomial degree. The performance is further
improved through optimized sparse-dense matrix multiplication
(SpMM) and efficient deflation techniques. Extensive experiments
on Intel and ARM HPC systems demonstrate that AdaPolySI out-
performs state-of-the-art solvers, including our implementation
of the CJ-FEAST method as well as polynomial subspace method
in EVSL and SLEPc. Both strong and weak scalability results are
presented to demonstrate the parallel efficiency of AdaPolySI.
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1 Introduction

Large-scale sparse symmetric (or complex Hermitian) eigenvalue
problems constitute a fundamental class of problems [33] in mod-
ern numerical linear algebra. They arise ubiquitously in scientific
and engineering computations, particularly in electronic structure
calculations and quantum chemistry. In electronic structure simula-
tions, discretized Hamiltonians derived from tight-binding or first-
principles models often lead to large-scale sparse Hermitian matri-
ces that describe interactions among atomic orbitals in nanoscale
systems such as carbon nanotubes or graphene-based materials
[18, 29]. These problems typically require computing eigenpairs
near the Fermi level to analyze electronic properties such as the
density of states and band structures. In most of these applications,
only a small portion of the spectrum is of physical interest, and
efficiently extracting the corresponding eigenpairs remains a major
computational challenge.

For large-scale partial eigenvalue problems targeting extreme
or interior eigenpairs, existing algorithms are generally catego-
rized as projection-based iterative methods. The first class consists
of variable-dimension subspace methods, which progressively ex-
pand the search subspace. Krylov-type methods such as Lanczos [2]
and Arnoldi [3, 22] generate a subspace at iteration k of the form
{0, Ao, A2y, ... ,Ak_lv}, where A is the target matrix. Although par-
allelizable, these methods are inherently sequential and cannot fully
exploit modern high-performance architectures. Non-Krylov meth-
ods such as Jacobi-Davidson (JD) [37] and LOBPCG [19] alleviate
this limitation by employing effective preconditioners and Level-3
BLAS operations [8], making them better suited for large-scale
parallel environments. However, both may suffer from numerical
instability or breakdown if not carefully implemented [8, 12, 46]. In
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practice, these methods are primarily used for computing extremal
eigenvalues.

The second class comprises fixed-dimension subspace methods,
which maintain a constant subspace size throughout iterations. Rep-
resentative approaches include trace minimization [34, 36] and mod-
ern filtered subspace iteration (FSI) methods such as FEAST [26, 30],
the Sakurai-Sugiura (SS) method [34], EVSL [23, 24], SLEPc [11, 28]
and ChASE [39, 40]. FSI methods are often combined with spectrum
slicing, which partitions the spectrum into nonoverlapping inter-
vals that can be processed independently in parallel. As a result,
a large number of eigenpairs can be computed in a truly parallel
manner. The spectral filters are typically constructed using poly-
nomial functions (as in EVSL and ChASE) or rational functions (as
in FEAST and SS). In this work, we focus on polynomial filtering,
which avoids solving linear systems required by rational filters and
is thus better suited for large-scale parallel environments.

Chebyshev polynomials are widely used to construct spectral fil-
ters, as in ChebFD [20, 27], CJ-FEAST [15, 16] and EVSL [23]. Nearly
all existing methods rely on fixed-degree filters, with the exception
of ChASE [40], which adaptively tunes the polynomial degree per
eigenvector according to its residual norm, thereby reducing the
overall floating-point operations by up to 20%. Chebyshev filtering
in ChASE leverages the minimax property of Chebyshev polynomi-
als, which suppresses values inside a target interval while causing
rapid growth beyond it. This makes RACE effective for computing
extremal eigenvalues but cannot be applied to interior eigenvalue
problems without additional modifications.

In this work, we propose AdaPolySI, an adaptive polynomial fil-
tered subspace iteration framework for large-scale sparse Hermitian
interior eigenvalue problems. Our filter is based on a Chebyshev ap-
proximation to the step function, similar to CJ-FEAST, but replaces
the Jackson damping with a more flexible exponent-; Lanczos damp-
ing. Note that CJ-FEAST was originally proposed for computing the
SVD [16], and no high-performance implementations are available.
In this work, we extend CJ-FEAST to Hermitian eigenvalue prob-
lems and develop a parallel implementation. Beyond CJ-FEAST, we
introduce a new criterion for dynamically selecting the polynomial
degree, which differs from the strategy used in ChASE. In particu-
lar, we adopt exponent-y Lanczos damping instead of the Jackson
damping used in [15], providing a sharper filter (see Figure 2) and
integrating more naturally with the adaptive mechanism. Propo-
sition 3.1 establishes the approximation properties of AdaPolySL
We further conduct a series of experiments to show that AdaPolySI
is insensitive to the parameter y and that, compared with EVSL’s
fixed-degree filters, the adaptive filters require significantly fewer
iterations and sparse matrix—vector multiplications (SpMVs). Since
the dominant cost of FSI methods is the repeated multiplication of
a sparse matrix with multiple vectors—effectively a sparse—dense
matrix multiplication (SpMM)—we implement a high-performance
SpMM kernel in both CJ-FEAST and AdaPolySI, rather than invok-
ing multiple SpMVs as in EVSL.

AdaPolySI is implemented based on the YHAMG [43] library!
and therefore naturally supports distributed-memory parallelism.

'YHAMG is an industry-grade, high-performance algebraic multigrid (AMG) package
that provides a wide range of efficient sparse-matrix operations, delivering performance
comparable to or exceeding that of HYPRE [42, 44].
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ParMETIS [17] can also be seamlessly integrated to reduce inter-
process communication. We compare AdaPolySI with CJ-FEAST,
EVSL? on shared-memory platforms, and further with SLEPc [28]
on distributed-memory systems. Numerical experiments are con-
ducted on two high-performance computing platforms equipped
with Intel and ARM processors, respectively. Using real-world matri-
ces from the SuiteSparse [5] and ELSES [13] collections, along with
several synthetic test matrices, AdaPolySI achieves a 2.29x average
speedup over the fixed-degree CJ-FEAST algorithm and a 5.04x
average speedup over EVSL-PSI. On distributed environments,
AdaPolySI and CJ-FEAST exhibit strong scalability comparable to
that of SLEPc-KS.

The main contributions of this work are summarized as follows:

e Algorithmic innovation: We propose an adaptive
Chebyshev-filtered subspace iteration method for large-scale
Hermitian interior eigenvalue problems, with theoretical
analysis of convergence and adaptivity criterion.

¢ High-performance Implementation: A distributed paral-
lel implementation is developed, featuring optimized sparse-
dense matrix multiplication (SpMM), implicit deflation to
accelerate convergence and spurious eigenvalue detection
to avoid redundant iterations.

e Comprehensive evaluation: Extensive experiments on
both synthetic and real-world sparse matrices demonstrate
the accuracy and superior performance of AdaPolySI com-
pared with state-of-the-art solvers.

2 Background

2.1 Notation

Consider a matrix X € C™*". We denote by X;.; .7y the submatrix
of X consisting of rows i to j and columns k to [. The symbol
k(X) denotes the condition number of X, and X denotes the
conjugate transpose of X. Let Apjn and Amax denote the minimum
and maximum eigenvalues, respectively. For a set 7, | 7| denotes
its cardinality. For a subset J € 7, 7 \ J denotes the complement
of J with respect to 7.

2.2 Filtered Subspace Iteration

Given a symmetric (or complex Hermitian) matrix A € C"™*" and
an interval of interest [a, b] C [Amin, Amax], let {4 j};?:l denote the
eigenvalues of A with corresponding eigenvectors v; satisfying
(vi,vj) = 8;j. We consider

Al)j =Ajvj, (1)

where A; € [a,b].

The modern Subspace Iteration (SI) framework has gone through
a long period of development. A limitation of subspace iteration
methods is their inability to target eigenpairs in arbitrary intervals
of interest, i.e. solving the interior eigenvalue problem (1). Filter-
ing techniques [33] provide an effective solution. The technique
constructs a function p(x) that maps target eigenvalues of A to
dominant eigenvalues of p(A), while suppressing non-target eigen-
values to near zero. By replacing A with p(A) in subspace iterations,
we can approximate the invariant subspace corresponding to the

2pEVSL, the MPI version of EVSL, is still under development and does not yet imple-
ment polynomial-filtered subspace methods.
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Algorithm 1: Filtered Subspace iteration framework for
Hermitian eigenvalue problem.

Input: The Hermitian matrix A, the orthogonal matrix V() the
filtering function p(x) and the interval of interest [a, b].

Output: Computed eigenpairs (/ij, o), ij € [ab].

1i=1

2 while not converged do

3 x@) = p(A)f/(i—l)

4 QW = orth(xX®)

5 v, i\(i)] Rayleigh-Ritz(4, Q)

6 j] _ A(l) - V(l)

7 i=i+ 1

s end

9 function Rayleigh-Ritz(A, Q)

10 B=0Q"AQ

11 Compute eigen-decomposition B = UAUH
12 V= QU

13 return V, A

14 end

desired eigenvalues. As far as we know, existing filters fall into
two primary types — rational filters and polynomial filters. Our
algorithm employs the latter approach, detailed in Section 2.3.

The filtered subspace iteration (FSI) framework for Hermitian
eigenvalue problem pseudo-code is shown in Algorithm 1, where it
is assumed that a suitable filtering function p(x) has already been
established. The columns of the n X p orthogonal matrix V(©) form
an initial set of orthonormal basis vectors for the subspace. The FSI
algorithm may fail to converge when p < e, where e denotes the
number of eigenvalues in the interval of interest [26]. Therefore, it
is necessary to ensure p > e.

The main computational overhead of FSI comes from Line 3
of Algorithm 1. The subspace basis is orthogonalized using QR
decomposition in Line 4. We denote by orth(X) the orthonormal
matrix from the QR factorization. In Line 5, Rayleigh-Ritz process
projects A onto a small-dimension subspace resulting in a smaller
matrix B whose eigenvalues approximate some eigenvalues of A.
This method is widely applied in various solution frameworks [16,
19, 24]. We compute all eigenpairs of B using the QR or divide-and-
conquer algorithm [6] in LAPACK [1].

2.3 Polynomial Filtering

The idea of the filter is to construct a function p(x), such that
values outside the region of interest S are close to 0. For the interior
eigenvalue problem (1), a suitable choice is the step function

1, x€8,
sx) = {0, x¢S.

Let the spectral decomposition of Hermitian matrix A be

n
_ J
A= Z/ljvjoj R
Jj=1
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where (A;,v;) are the eigenpairs of A. Suppose A1, -+, ¢ € [a,b]
and Ae41, -+, An € [a,b], then
n (4
s(A) = Zs(/lj)vjvf[ Zvjvfl
Jj=1 Jj=1
In other words, s(A) is equal to the orthogonal projector onto
span{vy, - - - ,ve }. However, it is impractical to compute s(A) in
implementation. Some works have shown how to approximately
construct suitable filters [15, 24, 30]. In the remainder of this section,

we will show how to approximate s(x) using polynomial series.
Let Amin and Amax denote the minimum and maximum eigenval-

ues of A, respectively. Without loss of generality, let S = [a,b] C

[—1, 1]. For the general case, we introduce the linear transformation

I(x) = 2% = Amax = Amin _ Lx+1 )

Amax - Amin
and replace A with I(A). Following the approach in CJ-FEAST [15],
we redefine the step function as

1, x€(ab),
s(x)=1%, x=aorb, 3
0, xe€[-1,1]\ [a,b].

This ensures that the Chebyshev expansion

k
s() = lim py(x) = klgr;o;cjrj(x),
where the Fourier coefficients are
1 - i =
¢ = {’; o . 17 @
7_1—( b )’ J> 0,

and Tj(x) denotes the j-th Chebyshev polynomial of the first kind.
As k increases, pp(x) converges to s(x) point by point, but there
are Gibbs oscillations [7] at the discontinuities. One approach to
mitigate this effect is to introduce a damping factor. The damping
factors, denoted by d; ., depend only on the current index j and the
maximum polynomial degree k. By incorporating these coefficients
into pg(x), we obtain the damped Chebyshev series of degree k,

expressed as
k

D) =) ejdiiTy (). 5)

7=0
For j > 0, we consider the following damping factors:

e Jackson damping factors [15, 32]:

(k+2- ])Sm<k+2)cos(k+2)

& =
Ik (k +2) sin (m)
i (6)
, i) sin () cos (k+2) sm( 2)
(k+2) sm(k+2)
e Lanczos damping factors (or o-factors) [21]:
A L2 i) . @)

kT m
k+1
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Algorithm 2: Matrix-matrix multiplication of the polyno-
mial filter.

Input: The Hermitian matrix A, {c; }}‘:0, {dj }}‘:0, {l1, 15} and
the matrix X.
Output: The matrix Y
1 1=X
2 Yz = llAX - IQX
3 Y=codor Y1 +crdir Y2
4 for j=2,3,--- ,kdo
5 Yiemp = 2(1AY2 — bY2) - 11

6 Yl = Yz

7 Y, = Ytemp

8 Y+ = dej,k Y,
9 end

e Exponent-i Lanczos damping factors [21]:

sin ()
& = _\k1) ®8)
Jk Jjr ’

k+1

where the parameter y > 0 controls the strength of damping.

In practice, we first compute the Fourier coefficients {c; }§:O’
the damping factors {d; x }’;:0 and linear transformation factors
{11, Iz} by equations (4), (6)-(8) and (2), respectively. Then implicitly
compute ka (I(A))-X by Algorithm 2, where X is a vector or matrix.
This process utilizes the three-term recurrence of the Chebyshev

polynomial of the first kind, i.e.

To(x) =1, Ti(x) = x,
Tj41(x) = 2xTj(x) = Tj-1(x), j > 1.

3 Our approach

In this section, our approach is presented within the framework
of filtered subspace iteration. Notably, the approach generalizes
to other projection-based frameworks, such as filtered Lanczos
methods [24] and Davidson-type methods [46].

3.1 Filter Construction

The construction of the filter depends on the spectral interval of
interest. In theory, the faster the filter function varies near the
endpoints of the interval, the faster the convergence of the filtered
subspace iteration. When polynomial filters are employed, this
typically requires a sufficiently high polynomial degree. However,
an excessively high degree increases the computational cost without
delivering proportional benefits.

For the choice of polynomial degree, the polynomial degree is
either fixed throughout the computation or adaptively adjusted at
each iteration. When using a fixed polynomial degree, one must
carefully balance computational efficiency against approximation
accuracy for the corresponding problems and algorithms. Signif-
icant research has addressed this trade-off, as demonstrated in
various works [15, 24]. In contrast, adaptively adjusted filters offer
a more flexible alternative. These methods dynamically modify the
polynomial degree based on information from iterations, poten-
tially providing a better balance between accuracy and efficiency.
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Recently, some works have shown that adaptive strategy can effec-
tively improve the performance of some algorithms [39, 45].

Our approach adopts the latter option. The construction of the
filter consists of two steps. In this subsection, we develop a polyno-
mial filter py (x) that approximates the step function s(x). As the
polynomial degree k increases, pi (x) converges to s(x). The next
subsection introduces the adaptive strategy.

We select the polynomial filter (5) with the exponent-y Lanczos
damping (8), denoted p;: (x). This damping can be flexibly adjusted

by controlling y, and it is simple to compute. Moreover, pZ (x) is
the k-th degree approximation of s(x) in || - ||, induced by the
Chebyshev inner product

1
b= [ L2 g

The following proposition provides an error bound.

ProPOSITION 3.1. Let p;j(x) be the Chebyshev series of degree
k with the exponent-u Lanczos damping to approximate the step
function s(x). The damping factors are defined as

1, j=0,
= (i 7
Jk {(—Sm}ofl‘k”k)), j>0,
JT

where oy = {77 and p > 0. Then, the squared weighted Ly-error

between pz (x) and s(x) satisfies

71'3;12 +4r

3(k+1) ©)

1o (x) = s 1%, <
PRrROOF. See Appendix 8.1. O

When p = 0, the function pz (x) reduces to the classical Cheby-
shev polynomial approximation py (x) without damping, obtained
through Ly-norm minimization. Consequently, the bound in equa-
tion (9) simplifies to that of the standard Chebyshev approximation,
as presented in Proposition 3.1 of [7]. However, the Gibbs phenome-
non reduces the approximation accuracy of Chebyshev expansions
near discontinuity points. Conversely, larger values of y require
higher k to approximate s(x), resulting in increased rounding errors
in practice. With an appropriate choice of y, the exponent-u Lanc-
zos damping can achieve effects similar to those of other damping
schemes. Specifically, when p = 1, it reduces to the Lanczos damp-
ing (7), and when y lies between 2 and 3 with a sufficiently large
polynomial degree k, it closely approximates the Jackson damping
(6), as shown in Figure 1.

In our approach, controlling i € (0, 1] allows us to suppress the
Gibbs phenomenon while selecting the smaller degree k than other
damping factors such as Jackson damping (6). With the parameter
fixed at p = 0.5, Figure 2 compares the Chebyshev polynomial
approximations to the step function using the exponent-y Lanczos
damping and the Jackson damping for polynomial degrees k = 50
and k = 100. For the same polynomial degree, exponent-y Lanczos
damping provides a more accurate filter than Jackson damping.
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Exponent-u Lanczos damping

=== Jackson damping

o
o

Damping factor
I
IS

o
N

o
IS)

0 20 40 60 80 100
J
Figure 1: Comparison between the exponent-; Lanczos damp-
ing and the Jackson damping with y = 2.51 and k = 100.

3.2 Adaptive Strategy

A typical representative of adaptive filtering is the Chebyshev
polynomial-based adaptive filter, exemplified by the ChASE al-
gorithm [39, 40]. In ChASE, the polynomial degree is adjusted at
each iteration according to the residual norm of each eigenpair.
Unlike ChASE, we design an adaptive strategy that dynamically
adjusts according to the observed convergence rate of the filtered
subspace iteration.

Let the polynomial degree at the (i + 1)-th iteration be denoted
by k(*1) (where k(1) < k). The first objective is to construct a
polynomial gy (i+1) (x) of degree k(*1) such that

Grien (x) =arg  min  lgeaen — ph 5 (10)

Gy (i+1) € (ix1)
where Py i+1) denotes the space of polynomials of degree at most
. (i+1)
kG+D et gy (x) = Zf:o sjTj(x). Then we have

e (1) k
2 _ B2 Ho\2
lagaen = pl3, = D (5 =cidi )+ > (esdl)”.
Jj=0 j=k (D 41
Therefore, the optimization problem (10) is minimized when s; =
dej.lk. In other words, the polynomial pz (x) can be decomposed as

k
Phx) = Y i} Tj(x)
j=0
k(i+l) k
_ H H
= Z ¢jdi Tj(x) + Z ¢jd! Tj(x)

j=0 j=k*0 41

= pg(i-ﬂ)’k(x) +r(i*D) (%),

We obtain the optimal solution g i+1) = pz(i ) g

Next, a strategy is required to determine the degree of the adap-
tive polynomial. Let the eigenvalues of pz(i+1) k(l (A)) be denoted
by Y}(i+l) = pi(m))k(l(/lj)), arranged in nonincreasing order as

Y;(>i+1) Yr(liH)

Y1(i+1)‘ S>> ‘Yéiﬂ)

> e >

>l >

>

where p denotes the dimension of the subspace. According to the
convergence theory of subspace iteration[lS, 33], the convergence
behavior at the (i + 1)-th iteration is primarily governed by the

ICS °26, July 06-09, 2026, Belfast, United Kingdom

1.0 - - — = Step Function
i ‘\\‘ pE(x), u=0.5, k=50
0.81 0 W === e, u=0.5k=100
i \ oL(x), k=50
_ 0.6 y Phx), k=100
=
=
< 0.4 ‘
i
1 i
0.24 i l“‘
fi il
1
0.0 ;—'_JIJ’- - -é&._v‘ A E—
0.0 02 04 06 08 1.0
X

Figure 2: Comparison of Chebyshev approximations with
exponent-y Lanczos (¢ = 0.5) and Jackson damping for de-
grees k = 50 and k = 100; the black curve denotes the step
function s(x) with [a, b] = [0.3,0.5].

Algorithm 3: Compute the polynomial degree of the filter
in the (i + 1)-th iteration.

Input: The Ritz values A0 = [/iii), cee, i;,i) ], estimated
eigenvalue count e in [a,b], {Cj}§=0’ {dj.k}§=o’ {lL,}
and the adaptive threshold 7z,

Output: Polynomial degree k(**1) for the next iteration filter

ho=1,1(AD) = LAD + 1, By = 1(AD).

2 7 = cody g ho.

for j=1,2,---,kdo

4 Y(i)+=cjdj,khl‘

-

(™)

(1)
1

75"

5 Sort 7 descending such that ‘)”/ 22

6 if ‘)71(,1)/)722) < 74 then

k(i+l) =j.

return k(*1)

9 end

10 next = 21(AWD) - by — .
1 ho = hy; hy = hpext.

12 end

ratio y(Hl) / ye(iﬂ). Since A and Ap+1 are unavailable a priori, we

apprO)g;ate them using Ritz values produced at the i-th iteration.
Let {ij(.i) }?:1 be the Ritz values computed at iteration i, and let e(D)
denote the number of those Ritz values that lie in the interval [a, b].
We set an adaptive threshold 7,. The adaptive update then uses the
approximate criterion

H 2(i)
Pk(m),k(Ap ) -
_— Ta-

H 2(i)
pk(i-%—l)’k()'e(i))

(i+1)

In practice, the polynomial degree k is usually chosen to be
smaller than the initial degree k. The adaptive selection strategy
for k(*1) is described in Algorithm 3. By dynamically adjusting
k(*1) across iterations, the algorithm achieves a favorable balance
between computational efficiency and filtering effectiveness in sup-
pressing non-target eigenvalues.
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Process 1 Local Exter

Process 2

Process 3

Process 4

Figure 3: Y = AX computed by 4 processes.

3.3 Implementation Details

The complete pseudo-code of the proposed algorithm is presented
in Algorithm 4. It is built upon the basic framework of Algorithm 1,
with several key enhancements introduced to improve its efficiency
and robustness. This subsection describes the implementation de-
tails and highlights the innovations incorporated into the algorith-
mic framework.

3.3.1 Initialization. Before the algorithm starts, several parameters
need to be initialized. To obtain the coeflicients of the polynomial
filter, we first estimate the spectral bounds of matrix A, which can
be achieved by running a few steps of the Lanczos algorithm [6].
In addition, the subspace dimension p must be estimated prior to
the iteration and chosen larger than the number of eigenvalues in
the interval of interest. Here, we estimate p via a trace estimation
[7] of the filtered matrix p;j (A). After determining p, the initial

approximate basis V) s randomly generated from a Gaussian
distribution with zero mean and unit variance, i.e., N'(0, 1). We use
Cholesky—-QR [41] for orthogonalization, which is more efficient
for distributed parallel computing than Householder—-QR [33].

3.3.2  ParMETIS plus SpMM. A distinctive feature of FSI with poly-
nomial filtering is that its computational complexity is dominated
by matrix—vector multiplications with the large-scale sparse matrix.
Moreover, since the subspace dimension p is typically larger than
one, most computations fall into the BLAS-3 level. Algorithm 4 in-
volves multiple sparse matrix—matrix multiplications with the fixed
matrix A, making the efficiency of these SpMM operations critical
to overall performance and naturally motivating the preprocessing
of A.

In the distributed-memory parallel implementation of Algo-
rithm 4, we apply the ParMETIS_V3_PartKway routine [17] to
reorder the matrix A so that its nonzeros are clustered near the
diagonal. This preprocessing improves data locality and reduces
inter-process communication, thereby enhancing SpMM scalability,
as illustrated in Figure 3.

3.3.3  Exclude Spurious Eigenvalues. In line 13 of Algorithm 4, as
the iteration proceeds, some Ritz values with large residuals may
remain within the interval of interest. These are referred to as spu-
rious eigenvalues. If such Ritz pairs are included in the convergence
check, they may interfere with convergence detection and lead to
unnecessary iterations. To address this, we introduce a relatively
large threshold 7 such that any eigenpairs whose residuals remain
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Algorithm 4: The AdaPolySI algorithm

Input: The n-by-n symmetric (Hermitian) matrix A, the initial
degree of Chebyshev filter k(?), the interval of interest
[a, b] and the thresholds 7, 75, 7c.
Output: The eigenpairs (A, V) of matrix A in [a, b].
1 Reordering A by ParMetis [17].
2 Compute {Cj};—czo, {dj,k}j'c:()’ {h,l2} and p.
3 Select an n-by-p order orthogonal matrix VO SsetA=[], V=[],
Nlock = 0, Mcheck = 0.
4 fori=1,2--- do
5 X = p;:(l.) k(A) V=D (see Algorithm 2)
6 | QW =QR([V,X1]). (see [41])
7 QWY = E:;nlocwl)iﬁ)'
8 [v(®, AD] = Rayleigh-Ritz(4, (V).
9 // Find all Ritz pairs in the interval.
10 I(i):{j:[\y}e[a,b]}.
11 if 7() is empty then
12 ‘ return (A, V).
13 end
14 Compute the filter degree k(1) by Algorithm 3.
15 Compute [|rj|l2 (j € T7@) by (11).

16 // Exclude spurious eigenpairs.

17 c = {j e1® Irjlle < TS}.

18 ni}ll)eck = ‘C(l) l néllj)eck"— = Mock-

19 if "E}ll)e « > 0 and equal to ni}llzk) then

20 | 70 = ¢,

21 end

22 // Locking the converged eigenpairs.

n | LO={ielD Il <rhnl) =1L0].
= di A(D - (i)

24 A = diag(A, A(‘C(i)“[(i))), \% .—- [V, V(:,L("))J'

s | VO =y
G (£LD)e)
26 if 73\ £ is empty then
27 ‘ return (A, V).

28 end

_ (D)
Rlockt = My -

29 end

above this value are excluded from the convergence criterion. These
details are shown in Algorithm 4, lines 16-21.

3.3.4 Deflation. Deflation is a common strategy in eigenvalue
computations that reduces the problem dimension by removing the
influence of already computed eigenvalues. The locking technique
[33, 39] adopted in this work represents an implicit form of defla-
tion. In Algorithm 4 (lines 6-7 and 22-25), once some eigenvalues
have converged, their corresponding eigenvectors are locked to
prevent further updates. This effectively reduces the dimension
of the search subspace for subsequent iterations and eliminates
redundant computation in the filtering step (line 5).

Figure 4 shows partial implementation details of Algorithm 4,
where the numbers represent the indices of eigenpairs. Line 23
moves the converged eigenpairs to the front of the ordering,
whereas lines 13 and 17 only record the corresponding indices.
Eigenpairs marked with red indices are excluded from the conver-
gence check but are carried over to the next iteration.
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Figure 4: Partial execution details of Algorithm 4. The numbers indicate the indices of eigenpairs. The figure illustrates how the
ordering of eigenpairs is updated during some stages of the algorithm. Different types of eigenpairs are marked with distinct
colors, as explained in the legend below, where 7. and 75 denote the convergence threshold and the spurious eigenpair detection

threshold in Algorithm 4, respectively.

4 Experiment Setup
4.1 Evaluation Platforms

The numerical experiments are divided into two parts: (i) verifica-
tion of AdaPolySI convergence, and (ii) performance evaluation in
a high-performance parallel environment. The convergence tests
are conducted in MATLAB, while the parallel performance tests use
a high-performance implementation integrated into the YHAMG
library [43].

The MATLAB experiments are conducted on a workstation
equipped with a 13th Gen Intel(R) Core(TM) i5-13400F processor
and 32 GB of memory. The C++ experiments are performed on a
high-performance computing (HPC) cluster comprising 64 nodes,
each with one Intel Xeon Gold 6348 CPUs (28 cores per node, 2.60
GHz) and 128 GB of DDR4-3200 memory, totaling 1,792 CPU cores.

The software environment consists of the Kylin Linux operat-
ing system, MPICH 4.1.2, and the Intel 2023 compiler with the
-Ofast optimization flag enabled. Intel MKL 2023.0 is employed for
mathematical routines, while ParMETIS 4.0.3 is used for domain
decomposition and load balancing in multi-process MPI settings
only. Each test is executed five times, and the average values are
reported to ensure reproducibility.

4.2 Workloads

The first seven columns of Table 1 list information about the matri-
ces and the corresponding intervals of interest used in our evalua-
tion. The sixth and seventh columns denote the number of eigen-
values in the interval of interest and their ratio to the total number
of eigenvalues, respectively. These matrices originate from diverse
application domains, including electronic structure calculations,
quantum chemistry, structural and 2D/3D problems. They are col-
lected from the SuiteSparse [5] and ELSES [13] matrix collections,
with sizes ranging from several hundred thousand to over one mil-
lion. Therefore, they are suitable for assessing the generalization
capability of our algorithm.

4.3 Baseline Solvers

As baselines, we evaluate three representative polynomial filter-
ing subspace iteration algorithms: CJ-FEAST [15, 16], EVSL-PSI
[23] and SLEPc [11]. CJ-FEAST was originally developed for SVD
computations and we naturally extend it to symmetric eigenvalue

problems. To ensure a fair comparison, CJ-FEAST is implemented
within our enhanced subspace iteration framework (Algorithm 4)
without adapting the polynomial degree. This allows the evaluation
to isolate the effectiveness of the filtering scheme itself, rather than
differences arising from the algorithmic framework. A performance-
optimized implementation of CJ-FEAST and AdaPolySI is developed
using YHAMG [43]. EVSL-PSI s taken from the EVSL software pack-
age, where the polynomial filter is constructed via a Chebyshev
expansion of the Dirac delta function [24]. In this work, we use
SLEPc Version 3.24.1.

To ensure a fair comparison with baseline methods, the reported
runtimes exclude setup costs, including matrix reordering (via
ParMETIS in the multi-process setting) and other common steps
such as spectrum estimation, spectral slicing, and data allocation.
Only the runtime of the polynomial filtered subspace iteration is
reported. Subsection 5.4 further reports the proportion of time
associated with ParMETIS in the MPI parallel setting.

4.4 Convergence Criterion

Unless otherwise specified, the convergence tolerance 7. for the
residual norm

rj = m]ax||Avj—/1jvj||2 (11)

is set to 1072, Both the adaptive threshold 7, and the spurious eigen-
pair detection threshold 7 are fixed at 103, These parameter values
were selected based on preliminary testing to balance convergence
speed and numerical stability.

5 Numerical experiments

In this section, we present a comprehensive experimental evaluation
of AdaPolySI algorithm. All experiments are designed to demon-
strate the efficiency and robustness of our method (Algorithm 4)
compared to state-of-the-art methods.

5.1 Accuracy and Convergence

We test the accuracy and convergence of AdaPolySI algorithm
through some examples with exact solutions implemented in MAT-
LAB. We discretize the one-dimensional Laplace operator —A in
Q = [0, 1] with Dirichlet boundary conditions using finite differ-
ence method, setting the function values at the boundary to zero.
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Table 1: Sparse matrices from the SuiteSparse and ELSES collections, along with the spectral intervals of interest and the
iteration counts, with the value in parentheses giving the corresponding average degree of polynomials.

ID Matrix Rows #nnz Interval #evals Ratio EVSL-PSI CJ-FEAST AdaPolySI
1 Ge87H76 112,985 7,892,195 [—0.64,0.80] 1039  0.92% 60(17) 11(69) 12(25.0)
2 Ge99H100 112,985 8,451,395 [—0.65,0.80] 1125  1.00% 60(17) 11(69) 13(25.4)
3 Si41Ge41H72 185,639 15,011,265  [—0.64,0.60] 738 0.40% 70(22) 10(107) 13(30.4)
4  Si87HT6 240,369 10,661,631  [—0.66,0.40] 677  0.28% 90(22) 11(112) 12(44.8)
5 GadlAs41H72 268,096 18,488,476 [—0.64,—0.30] 100  0.04%  35(959) 9(1000) 11(335.8)
6  VCNT40000std 40,000 1,600,000 [—0.5,-0.35] 2695  6.74% 45(17) 9(73) 13(20.9)
7 VCNT100000std 100,000 3,999,424 [—0.64,—0.61] 1020  1.02%  55(68) 5(461) 12(87.9)
8  VCNT400000std 400,000 15,997,248 [-0.85,—-0.83] 531  0.13%  105(14) 12(72) 9(47.7)
9  NCCS430080std 430,080 19,165,216  [—0.8,—0.78] 191 0.04%  60(44) 6(274) 11(50.1)
10 VCNT1000000std 1,000,000 39,991,680 [—0.85, —0.84] 85 0.01% 145(22) 12(119) 7(104.8)
This yields a tridiagonal matrix 5.2 Performance analysis
2 -1 We evaluate ten matrices listed in Table 1. We compare three meth-
. . ods for computing the target eigenpairs: AdaPolySI, CJ-FEAST, and
T, = -1 ] (12) the polynomial subspace iteration method in EVSL (EVSL-PSI). All
R experiments in this subsection are conducted using a single MPI
1 2 process and 28 OpenMP threads on a single CPU socket, since EVSL

Since the eigenvalues and eigenvectors of T, admit explicit ex-
pressions, we can readily compute its exact eigenvalues {A;} and
eigenvectors {v;}. We set the interval of interest to [0.6, 1.2]. For
each random seed from 1 to 100, a distinct initial subspace y(©)
is generated. We allow the algorithm to iterate sufficiently until
the residual ceases to decrease, and record the corresponding resid-
ual, eigenvalue error, and eigenvector error at convergence for
each set of experiments. The eigenvalue and eigenvector errors are
computed respectively as

A=Al and 1 |ofg;)% (13)

where 4; and 4; are the computed eigenvalues and eigenvectors
respectively. Rows 2-4 of Table 2 show the Residual of computed
eigenpairs, rows 5-7 shows the accuracy of computed eigenvalues,
and rows 8-10 show the orthognality of computed eigenvectors.
From Table 2, it can be observed that as the matrix size increases,
the maximum, minimum, and average values of these three met-
rics remain only one to three orders of magnitude above machine
precision.

Table 2: Convergence results for the one-dimensional Laplace
operator discretization.

n 500 1000 2000 4000

Max 1.8x1073 1.9x1072 1.9x10712 8.4x10713

Residual Min 5.1x107® 80x107% 13x107% 23x1071
AVG 1.4x107% 47x107% 87x107* 13x10713

Max 1.2x107"% 15x107% 19x107 28x107

Values Min 3.8x107® 6.0x107" 92x107" 1.2x1071

AVG  6.2x1071 89x1071 12x107* 17x1071*

Max 1.5%x107% 94x1071 13x107"® 11x107P

Vectors Min 3.6x107° 50x1071% 6.4x1071 6.4x 1071
AVG 6.8x1071% 70x107° 93x1071° 8.0x1071¢

does not support MPI parallelism.

The performance results are presented in Figure 5, which shows
the relative runtimes of CJ-FEAST and AdaPolySI with respect
to EVSL-PSI across all test matrices. Each bar is divided into two
segments representing the runtime of the filtering stage and the
remaining operations. The last three columns of Table 1 list, for
each algorithm, the number of iterations and the corresponding
average polynomial degree (in parentheses).

It can be observed that, except for matrix 6, the filtering stage
dominates the total runtime for all other cases, especially for CJ-
FEAST and AdaPolySI. This is because matrix 6 has the largest ratio
of eigenvalues in the interval of interest to the total matrix dimen-
sion, as shown in column 7 of Table 1. For the remaining matrices,
the “Others” portion in CJ-FEAST and AdaPolySI is relatively small
and comparable, whereas it is significantly larger in EVSL-PSI. The
reason is that EVSL-PSI requires more iterations than CJ-FEAST
and AdaPolySI, leading to a higher proportion of orthogonalization
and Rayleigh—Ritz procedures in the total runtime.

The results in Figure 5 demonstrate that AdaPolySI achieves
on average, 5.04x speedup over the EVSL-PSI eigensolver and
2.29% over CJ-FEAST, with peak speedups of up to 14.1x and 2.63X,
respectively. We note that EVSL also includes other algorithms, such
as restarted Lanczos and rational filtering methods; however, in this
subsection, we focus specifically on its polynomial filtered subspace
iteration method.

There are two primary reasons why our approach (AdaPolySI)
outperforms EVSL-PSI in terms of computational efficiency. First,
AdaPolySI employs a different polynomial filtering technique that
requires significantly fewer sparse matrix-vector multiplications
(SpMVs) and iterations than EVSL-PSI. Second, our implementations
of both AdaPolySI and CJ-FEAST are based on SpMM, whereas
EVSL relies solely on SpMV. SpMM generally offers better data
locality and memory access efficiency, making it faster than SpMV
in practice. Comparing with CJ-FEAST [16], AdaPolySI adaptively
adjusts the polynomial degree and thus requires much fewer SpMVs,
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Figure 6: Relative number of SpMVs performed by EVSL-
PSI and AdaPolySI with respect to CJ-FEAST. (For matrix 5,
EVSL-PSI requires approximately 2.67x more SpMVs than
CJ-FEAST; this detail is omitted from the plot for clarity.)

as shown in the last three columns of Table 1 (values in parentheses
denote average degree of polynomials).

Figure 6 shows the relative number of SpMVs performed by
the three methods, with CJ-FEAST as the baseline. As observed,
AdaPolySI consistently requires the fewest SpMVs among all three
methods. For most matrices, CJ-FEAST requires more SpMVs than
EVSL. However, CJ-FEAST still achieves better performance be-
cause it requires far fewer iterations than EVSL-PSI and utilizes
SpMM instead of SpMV, which offers improved data locality and
computational efficiency.

To further assess the impact of varying the interval of interest,
we conducted additional experiments on the matrices Si41Ge41H72,
VCNT100000std and Ge87H76. For each matrix, we examined five
spectral regions—the two ends of the spectrum and three interior
segments. Within each region, we tested two intervals containing
approximately 500 and 1000 eigenvalues.

The results in Figure 7 demonstrate that AdaPolySI outperforms
CJ-FEAST and EVSL-PSI in almost all cases, achieving an average
speedup of 2.32x and 4.87X, respectively, with peak speedups of
3.02% and 11.31X. In general, AdaPolySI and CJ-FEAST tend to
exhibit a more pronounced advantage over EVSL-PSI for larger
intervals. This is because smaller intervals have closer spectral
endpoints, requiring a higher polynomial degree in the Chebyshev
expansion to approximate the step function accurately.

5.3 Parameter Sensitivity Analysis

The sensitivity of AdaPolySI with respect to the parameters y and
74 is analyzed. We use the test cases with matrices Ga41As41H72

ICS °26, July 06-09, 2026, Belfast, United Kingdom

Stage
[ Filter

Algorithm
BB EVSL-PS| [ZE CJFEAST  [EZH AdaPolyS

22}

Si41Ge41H72
1.0x 1.0% x 1.0% 1.0 1.0% 1.0% 1.0x 1.0% 1.0

Relative Runtime

X [8.99,9.23] [24. 26 24 34] [24. 22 24 39] [39: 26 39 61 [38: 91 39.61] [47.40, 49.82] [46.15, 49.82]
(500) (1000) (500) (1000) 1000) (500) (1000)

VCNT100000std
1.0% 1.0%

121,027 [-1.21,0.74]

Relative Runtime

o LI §== | =
[:0.85,-0.81] [0.85, [- [055 052l 1013005 (014 005 (031036 [030,0.36) o831 oesa] [oszs a600)
(500) (1000) (500) (1000) (500) (1000) (500) (1000)

Ge87H76

Relative Runtime

0 = = 1
L2, 0241 (121068 [558,569] (5,58, 5.85] [1573 15&2] [1569 15 86] [25. 57 15971 25. 23 25 97] [30. ez 33.98] [29.53, 33 98]
(50 (1000) (500) (1000) (10¢ 00) (10¢ 00) (10

Interval (Number of Elgenvalues)
Figure 7: Performance comparison of AdaPolySI, CJ-FEAST,
and EVSL-PSI over multiple matrices, spectral regions, and
interval sizes.

Ga41As41H72 [ Filter Others

Runtime (s)

O N o¥ 6% 0P o o ot o @ WO WY P P a8 A8 W3 A W2 48 4N qd 4? ¥ 0P 0@ g o o2 WO

ELSES_MATRIX_VCNT100000std_A

Runtime (s)
2 g 8
I ——

202 a2 ¥ 424X ? 42 g1

"
Figure 8: Runtime of AdaPolySI on Ga41As41H72 and
VCNT100000std for 1 =0:0.1:3.

and VCNT100000std from Table 1 for this evaluation. All experi-
ments are performed using a single MPI process with 28 OpenMP
threads. To examine the effect of y1, we test AdaPolySI over the range
u € [0,3] with a step size of 0.1. The results are shown in Figure 8.
The runtime remains nearly unchanged when p is small, but gradu-
ally increases as 1 becomes larger. This indicates that choosing a
small value of y leads to similar-and generally better—performance
compared with using larger values. Therefore, setting y = 0.5 is an
appropriate choice.

Figure 2 indicates that for a fixed k, an appropriately chosen p
makes the exponent-y Lanczos damping be close to the Jackson
damping. This further suggests that using a Lanczos damping with
a small exponent p offers a performance advantage over the Jackson
damping within the AdaPolySI framework.

For the adaptive parameter that determines the polynomial de-
gree, we evaluate 7, over the range 10~%-10"1, and the results are
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Figure 9: Runtime and average degree of AdaPolySI for dif-
ferent values of 7.

Table 3: Timing breakdown form 2 to 64 nodes for Tssx64x64,
including ParMETIS time and its share of total runtime.

#Processes Setup (s) Solve (s) ParMETIS (s) ParMETIS/Total
2 0.7388 8.6305 0.0826 0.88%
4 0.5410 4.0029 0.0596 1.31%
8 0.4274 2.2807 0.0437 1.61%
16 0.3716 0.9811 0.0413 3.05%
32 0.3571 0.6275 0.0514 5.22%
64 0.5625 0.4808 0.0739 7.08%

shown in Figure 9. We observe that the performance is largely in-
sensitive to 74, and the overall runtime remains nearly unchanged
as long as 7, is sufficiently small, e.g., less than 0.01. As 7, increases,
the average polynomial degree decreases, which in turn leads to
a larger number of iterations. This results in additional compu-
tational costs in the orthogonalization and Rayleigh—Ritz stages.
In particular, when 7, = 0.5, the time spent in the “Others” stage
increases significantly, rendering the adaptive strategy ineffective.
Based on these observations, we select a relatively small default
value, 7, = 1073,

5.4 Scalability Analysis

In this subsection, we evaluate the strong and weak scalability
of AdaPolySI. Each MPI process is bound to a single CPU socket
and utilizes 28 OpenMP threads. The primary test matrices cor-
respond to the 3D Laplacian operator discretized by the 7-point
finite-difference stencil, Ty, xn,xny = Tn; ® Tn, ® Tn,, with matrix
size n = nyjngns3, where n; (i = 1,2, 3) denotes the number of grid
points in each spatial direction and T;, is defined in equation (12).
Prior to the scalability study, we employ the distributed-memory
version of AdaPolySI to solve Tgaxeaxss OVer the target interval
[0.007,0.1]. We measure the proportion of time spent in ParMETIS
relative to both the setup phase and the overall runtime. Detailed
timing results are reported in Table 3. The results show that the
ParMETIS overhead constitutes only a small fraction of the setup
time and accounts for no more than 7.08% of the total runtime.

5.4.1 Strong Scaling. For the matrices Tgaxsaxe4 and Toexo6x96,
we consider the interval [0.007,0.1], which contains 102 and 383
eigenvalues, respectively. For the Laplacian matrix, we perform ten
independent runs with different random initializations to mitigate

Yuhui Ni, Xiaofei Xu, Shengguo Li, Juan Zhang, Juan Chen, Jianchun Wang, and Jose E. Roman

—e— AdaPolyS| ~ —=— CJ-FEAST =~ —— SLEPc-KS
1.0 . 18 -
0.9 * 15
e~ i et B RPE 2
0.8 Ay o 12
0.7 * “ @ 9
% < . .
) 06 055 9 6 =n 6.66
52 W
3 iy 3 1.00
E 04 20
3 10 g 18
2 s H
S 09 - S 15
& ) B
0.8 RS 3 12 ey ‘ e 11.19
5 2
0.7 X 0es H o
0.6 863 6 5.13
0.5 3
04 0 1.00
1 2 4 8 16 32 64 1 2 4 8 16 32 64

Number of Nodes Number of Nodes

Figure 10: Strong scalability results for the matrix Tgsx64x64
(top) and Togx9sx96 (bottom) using AdaPolySI, CJ-FEAST, and
SLEPc-KS. The left panel reports the parallel efficiency as the
number of nodes increases from 1 to 64, while the right panel
shows the speedup of AdaPolySI and CJ-FEAST relative to

SLEPc-KS across different node counts.

stochastic variability. We measure the runtime of AdaPolySI, CJ-
FEAST, and SLEPc-KS, where SLEPc-KS denotes the Krylov-Schur
eigensolver [38] in the SLEPc? library [11], equipped with a Lanczos-
based polynomial filter [9]. To ensure convergence, the polynomial
degree in SLEPc-KS is set to 500 and 77 for Teaxeaxe4 and Tosx96x96,
respectively. The experiments are conducted using between 1 and 64
processors. ParMETIS is used to partition the matrix into multiple
subdomains.

The results are presented in Figure 10, which reports both the
parallel efficiency and the speedup of each method relative to SLEPc-
KS across different processor counts. We observe that the multi-
threaded implementation in PETSc provides only limited perfor-
mance gains. With one thread per MPI process, AdaPolySI achieves
an average speedup of 1.51x over SLEPc-KS (Due to page limita-
tions, the results are not shown). The strong-scaling results show
that AdaPolySI and CJ-FEAST exhibit nearly identical parallel ef-
ficiency curves, as both algorithms are built upon the same com-
putational framework and differ only in their polynomial filtering
strategies. As the number of nodes increases, the parallel effi-
ciency of AdaPolySI and CJ-FEAST becomes closer to that of SLEPc-
KS, which is particularly evident for Togxo6x96. Moreover, across
all tested processor configurations, AdaPolySI consistently attains
greater speedups than both CJ-FEAST and S LEPc-KS, demonstrat-
ing that its adaptive filtering strategy and overall algorithmic design
provide a clear performance advantage.

Additionally, we select two test problems from Table 1 to evaluate
the scalability of our approach combining with spectrum slicing
strategy. The interval of interest for each matrix is reselected for
this experiment. We partition the selected intervals into two slices
using the DOS algorithm [25], as summarized in Table 4. The DOS
algorithm ensures that the numbers of eigenvalues in the two slices
are nearly identical, which helps achieve balanced workload during
parallel execution. When only a single MPI process is used, the two
slices are solved sequentially. When multiple MPI processes are
employed, they are evenly assigned to the two slices for concurrent
execution.

3Since the filtered subspace iteration method in SLEPc is currently less optimized
and exhibits noticeably lower performance than Krylov-Schur, we do not include its
results in this study.
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Table 4: Test matrix and slicing for scalability analysis.

ID Slice 1 #evals Slice 2 #evals

5 [-05,-027] 36
9  [08,-0.77] 447

[-0.27,-0.1] 45
[-0.77,-0.76] 310
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Figure 11: Strong scaling performance of Ga41As41H72 and
NCCS430080std with increasing numbers of processes. The
numbers above the bars denote the speedup relative to the
single-process baseline, while the overlaid lines correspond
to the parallel efficiency shown on the right axis.

Figure 11 presents the runtime (bars), speedup (numbers above

the bars), and parallel efficiencies (lines) obtained with 1-64 MPI
processes. Our approach AdaPolySI demonstrates good scalability.
In the case of NCCS430080std, for instance, the speedup increases
from 1.5X% with 2 processes to 32.3x with 64 processes, while the
parallel efficiency remains above 50% across all tests.
5.4.2  Weak Scaling. This set of weak-scaling experiments focuses
on the matrix Ty, xn,xn, With a fixed interval of interest [0.6,1.2].
For interior eigenvalue problems, as the matrix size increases, the
number of eigenvalues contained in the target interval also grows.
As a result, the fraction of time spent in the “Others” stage (e.g.,
orthogonalization and Rayleigh-Ritz procedures) increases accord-
ingly, which makes it difficult to accurately assess the weak scalabil-
ity of eigensolvers. To mitigate this effect and enable a more mean-
ingful weak-scaling study, we apply the density-of-states (DOS)
algorithm [25] to partition the interval of interest into ten slices, and
the eigenpairs in these slices are computed sequentially, interval
by interval, using multiple processes.

Figure 12 reports the runtime, the parallel efficiency relative
to a single node, and the corresponding matrix size for different
numbers of nodes. Note that whenever the number of processors is
doubled, the number of nonzero entries in the matrix increases by
approximately a factor of V2. At the same time, the chosen spectral
interval ensures that the number of eigenvalues within the interval
also grows by about V2. As a result, the workload per processor per
iteration remains approximately constant. AdaPolySI demonstrates
good scalability from 1 to 64 processes.

6 Related Work

Filter-based methods constitute an attractive class of algorithms
that reduce large-scale eigenvalue problems to smaller ones by
rapidly localizing the target spectral region through spectral fil-
tering. The Sakurai-Sugiura (SS) method [34], which is based on
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Figure 12: Weak scaling results for the matrix T, xn,xn;. The
left panel shows the runtime breakdown for different num-
bers of nodes. The right panel reports the parallel efficiency
relative to one node (left axis) together with the increasing
matrix size Ty, xn,xn, (right axis) under weak scaling.

contour-integral filtering, was proposed in 2003. This method and
its variants [14, 35] form the foundation of the z-Pares software
package. A closely related rational filtering approach was intro-
duced by Polizzi in 2009 [30], and its subsequent extensions [10, 26]
led to the development of the FEAST software package [31].

In contrast to rational filtering methods, polynomial filtering
avoids the need to solve linear systems. As a result, the accuracy
of polynomial filtering algorithms is independent of the condition
number k(A — o), where o denotes a spectral shift. This property
enables polynomial filtering methods to achieve higher-precision
eigenpairs in practice. Li et al. [24] proposed a Chebyshev series
expansion of the Dirac delta function as a polynomial filter and
incorporated it into both the thick-restart Lanczos method and sub-
space iteration. This approach is particularly effective for narrow
spectral intervals and therefore includes a spectrum-slicing strat-
egy. These high-performance implementations collectively form
the EVSL software package [23]. Note that the MPI-based parallel
version of EVSL (pEVSL) is still under development and currently
does not support the subspace iteration framework.

Similarly, Jia et al. employed the Chebyshev-Jackson series ex-
pansion of a step function as a filter within a subspace iteration
framework, resulting in the CJ-FEAST algorithm [15] for singu-
lar value decomposition (SVD) problems. Their work establishes a
pointwise convergence bound for the CJ filter. In most cases, CJ-
FEAST demonstrates efficient and stable performance, as well as
significantly higher convergence accuracy compared with FEAST
[30]. A backward-stable variant of this algorithm was later devel-
oped in [16]. In addition, Chebyshev polynomial filtered subspace
iteration (CheFSI) has been successfully applied to compute electron
densities from discretized Hamiltonians in [4].

7 Conclusions

We propose an adaptive polynomial filter based on the Chebyshev
expansion of the step function (3) and integrate it into a filtered
subspace iteration framework, referred to as AdaPolySI, for solving
large-scale Hermitian interior eigenvalue problems. We establish
an approximation error bound (9) for the proposed filter under the
weighted L? norm || - ||y, yielding an asymptotic convergence rate
of O(1/k). In addition, we introduce an implicit deflation strategy
within the FSI framework, which effectively reduces the cost of
later iterations. For distributed-memory parallelism, we employ
ParMETIS to reorder the coefficient matrix at startup, clustering
nonzeros near the diagonal and thereby reducing inter-process
communication.

Matrix Size
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Extensive numerical experiments evaluate both the convergence
behavior and parallel performance of AdaPolySI. The results demon-
strate that AdaPolySI reliably reduces residuals to near machine
precision and achieves substantial performance gains—on average,
5.04x speedup over the EVSL-PSI eigensolver and 2.29% over CJ-
FEAST, with peak speedups of up to 14.1x and 3.02X, respectively.
Moreover, ParMETIS reordering significantly improves distributed-
memory efficiency, and AdaPolySI exhibits excellent strong scala-
bility across multiple compute nodes.

In future work, we plan to integrate the adaptive filtering strategy
into other eigenvalue solvers, such as filtered Lanczos methods. Fur-
ther optimization of sparse—dense matrix multiplication (SpMM),
particularly on GPU and multi-core CPU architectures, is also of in-
terest, following the approaches in [20]. More broadly, the adaptive
filtering concept can be extended to other problems in numerical
linear algebra.
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8 Appendix
8.1 Proof of Proposition 3.1

Compute
llpj () = s ()13,

k
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=1 Z(dj,k
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When 0 < Iu < 1, the Maclaurin series ensures that cos# x > 1— %
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By Bernoulli inequality, we have
. 2 24 4
" 2 sin(joy) H [y P HyTog
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When p > 1, Bernoulli inequality directly yields
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Thus, the inequality (d;l e 1)? < A holds for all 4 > 0.

Consider the first term of (14), we have

k k
T
||Z(dj{k—1)cm<x)n%v = 5 2~
j=1 j=1
Z 4 k 3
24
Tk 2
< 15
7 JZ’ = 3(k+1) (15)
For the second term of (14), we obtain that
d - 9 4
I, eI < 55 (16)

j=k+1
in (7, Proposition 3.1]. Equation (9) follows directly from the com-
bination of equations (15) and (16).
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