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Abstract
Krylov subspace methods are widely used in scientific com-
puting to solve large sparse linear systems and eigenvalue
problems. Their performance bottleneck is often dominated
by high-order matrix-power kernels (MPK), especially in
polynomial preconditioners that must scale to millions or bil-
lions of variables.We present Diagonal BlockMPK (DBMPK),
a lightweight and parallel-friendly optimization that parti-
tions the input matrix into diagonal blocks and off-diagonal
regions. This design enables efficient intra-block data reuse
and eliminates inter-block dependencies. It improves cache
locality, parallelism, and reduces preprocessing overheads,
compared to existing techniques. Our evaluation on x86
and Arm HPC platforms shows that DBMPK improves MPK
performance by 26.6%-38.4%. When applied to polynomial
preconditioners for linear systems and eigenvalue problems,
it achieves consistent end-to-end speedups of 18.6%-34.0%,
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including in weak scaling tests on 128 nodes, demonstrating
strong scalability and practical impact.

CCS Concepts: • Mathematics of computing→ Solvers;
• Computing methodologies→ Shared memory algo-
rithms;Massively parallel algorithms.

Keywords: Matrix-Power Kernel, Diagonal Block, Polyno-
mial Preconditioning
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1 Introduction
Krylov subspace methods [24, 58] are fundamental tools in
scientific and engineering computing, widely used to solve
large sparse linear systems of the form 𝐴𝑥 = 𝑏 and related
eigenvalue problems [55, 56]. These solvers are valued for
their robustness, scalability, and ability to handle extremely
large systems arising in physics simulations [25], structural
analysis [8], and machine learning [59].

To accelerate convergence, Krylov methods often rely on
preconditioning, which transforms the original system into a
mathematically equivalent one that is easier to solve. One
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effective strategy is polynomial preconditioning, where the
preconditioner is a matrix polynomial𝑀 = 𝑝 (𝐴) that approx-
imates 𝐴−1. Compared to other preconditioners, polynomial
preconditioners are memory-efficient, simple to construct,
and highly parallelizable, making them well suited for large-
scale and memory-constrained applications [23, 24, 55, 56].
More recently, polynomial preconditioning has also been ap-
plied effectively to linear eigenvalue problems [37, 38, 62, 68],
where the goal is to enhance eigenvalues within a target
spectral interval while suppressing all others.

However, the performance of polynomial preconditioners
is often limited by the cost of computing the matrix-power
kernel (MPK), defined as𝑤𝑑 = 𝐴𝑑𝑣 . This computation applies
𝑑 consecutive sparse matrix-vector multiplications (SpMV),
one of the most memory-bound operations in numerical lin-
ear algebra. Each SpMV requires loading the full matrix 𝐴
and the intermediate vector𝑤𝑖−1, resulting in high memory
traffic and limited arithmetic intensity. As the polynomial
degree 𝑑 increases, the cumulative cost of these SpMV op-
erations can dominate the total runtime. In some cases, the
preconditioning step may take longer than solving the origi-
nal system, thereby negating the benefits of using a precon-
ditioner. Efficient MPK computation is therefore essential to
fully realize the advantages of polynomial preconditioning
on modern high-performance architectures.
Efforts have been made to reduce memory accesses in

MPK computations. For example, [16] exploits sparse matrix
data reuse for MPK, while [46] extended this idea to iterative
solvers with a communication-avoiding (CA) formulation.
Building on these techniques, the Level-Based MPK (LBMPK)
method [2, 3] uses level-set scheduling with reordering and
recursive partitioning to improve data reuse and parallelism.
It computes all contributions from submatrix fragments of
𝐴 to the intermediate vectors𝑤1,𝑤2, . . . ,𝑤𝑘 , aiming to max-
imize reuse of matrix fragments in cache. Although LBMPK
offers high theoretical data reuse and strong performance po-
tential, its efficiency is highly sensitive to cache size. As the
polynomial degree 𝑑 increases or the size of submatrix frag-
ments exceeds the available cache, performance degrades
sharply. While high-order LBMPK can be decomposed into
combinations of lower-order LBMPKs, determining the op-
timal decomposition remains a challenge. An alternative
approach, forward-backward MPK (FBMPK) [67], splits ma-
trix 𝐴 into its lower (𝐿) and upper (𝑈 ) triangular parts. It
then performs two consecutive SpMV operations to exploit
data reuse within 𝐿 and𝑈 . Compared to LBMPK, FBMPK is
simpler to implement, imposes fewer constraints on cache
size, and delivers more consistent performance across differ-
ent values of 𝑘 . However, all these methods introduce strong
data dependencies that hinder parallel scalability on multi-
core CPUs. Moreover, the preprocessing steps required to

improve data locality and parallelism, especially for large ma-
trices, can incur significant overhead, potentially offsetting
the performance benefits of these optimizations.

We present Diagonal Block MPK (DBMPK1), a lightweight
optimization strategy to improve the efficiency of MPK com-
putations. DBMPK partitions the matrix into independent di-
agonal and off-diagonal blocks. Each computing unit (thread
or process) is assigned to a diagonal block and performs
FBMPK-style computations locally, thereby avoiding intra-
block data contention, while the off-diagonal parts are han-
dled using well-established SpMV optimization techniques.
This design eliminates data dependencies among diagonal
blocks, enabling high parallel scalability while retaining data
reuse. Furthermore, the partitioning scheme is fully compat-
ible with standard 1D distributed matrix partitioning strate-
gies, allowing DBMPK to extend naturally to distributed
environments.

We evaluate the proposed DBMPK method on two distinct
architectures: the Intel x86 Xeon Gold-6348 and the Arm-
based Kunpeng 920 [29]. Using 108 diverse matrices from
SuiteSparse [15], DBMPK achieves average performance
gains of 38.4% and 26.6% over the baseline MPK with se-
rial SpMV calls on the two platforms when the polynomial
degree is 𝑑 = 40. Compared with the LBMPK method [2, 3],
DBMPK requires a much smaller working set, which im-
proves cache locality while maintaining stable and efficient
performance across platforms. In particular, DBMPK deliv-
ers strong acceleration for matrices with dense diagonal
blocks, whereas matrices with irregular structures can bene-
fit from reordering techniques to improve element distribu-
tion. DBMPK also incurs minimal preprocessing overhead,
equivalent to only 9.5 to 12.9 SpMVs on average.
We have integrated DBMPK into the YHAMG [64] li-

brary2 and tested the enhanced library on a range of im-
portant workloads, including polynomial preconditioning
for sparse linear systems [43], polynomial filters for eigen-
value problems, and polynomial smoothers for multigrid
methods. Across these applications, DBMPK significantly
outperforms equivalent methods in established algebraic li-
braries, including Trilinos [27], EVSL [37], and HYPRE [21],
while preserving numerical stability and convergence proper-
ties. In particular, DBMPK delivers 18.6%–34.0% performance
improvements in YHAMG. For 7-point stencil matrices on a
128-node Intel cluster, DBMPK achieves a 34% efficiency gain
in weak scaling tests as we increase the number of parallel
processes.

This paper makes the following contributions:
• Scalable decomposition: We introduce DBMPK, a
diagonal/off-diagonal partitioning scheme that removes

1Code and data available at https://github.com/YXJ-123/DBMPK.
2YHAMG is an industry-graded high-performance algebraic multigrid pack-
age that incorporates advanced memory-aware smoothers and efficient
restriction/interpolation operators [63, 65, 66], and consistently outper-
forms HYPRE [22] on modern architectures.
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Algorithm 1: General Polynomials for Equation (1).
Input:Matrix 𝐴; Vector 𝑥 ; 𝑎0,...,𝑑 .
Output: Vector 𝑦.

1 𝑦 = 𝑎0𝑥 ; 𝑣 = 𝑥
2 for 𝑖 from 1 to 𝑑 do
3 𝑣 = 𝐴 ∗ 𝑣 ; 𝑦+ = 𝑎𝑖𝑣

4 end

inter-block dependencies and scales efficiently on mul-
ticore and distributed systems.

• Lightweight and portable: DBMPK achieves stable
performance with only minimal preprocessing and is
robust to various cache sizes.

• Practical and effective: Integrated into the YHAMG
library, DBMPK consistently outperforms state-of-the-
art libraries while preserving numerical stability and
convergence.

2 Background
2.1 Sparse Matrix Polynomial
Polynomial preconditioners improve the convergence of it-
erative solvers while avoiding the cost and complexity of
factorisation-based methods [14, 55]. They approximate 𝐴−1

with a matrix polynomial, making them lightweight, easy to
implement, and naturally suited for parallel platforms. Com-
mon variants include Chebyshev, least-squares, and Neu-
mann series expansions [5, 20, 32, 56, Sec. 12.3]. For a linear
system 𝐴𝑥 = 𝑏, the general form is

𝐴𝑝 (𝐴)𝑦 = 𝑏, 𝑥 = 𝑝 (𝐴)𝑦, (1)

where 𝐴𝑝 (𝐴) usually has a smaller condition number than
𝐴, thereby accelerating convergence.

Applying a polynomial preconditioner requires evaluating
𝑝 (𝐴)𝑥 . In the monomial basis,

𝑝 (𝐴) =
𝑑∑︁
𝑖=0

𝑎𝑖𝐴
𝑖 , (2)

which reduces to a sequence of SpMV, also known as MPK.
Since MPK dominates runtime, the efficiency of polynomial
preconditioning critically depends on optimizing this kernel.
However, the monomial basis can be numerically unstable
for large 𝑑 , so Chebyshev or Newton bases are typically
adopted [6, 7, 12, 17].

2.2 Memory-aware MPKs
Figure 1(a) shows that the classical MPK requires𝑑 sequential
calls to the matrix 𝐴 for SpMV computations. Recent studies
have observed that matrix fragments residing in cache can be
reused across multiple SpMV operations, thereby improving
performance, which we describe as follows.

2.2.1 Level-based MPK. One approach to optimize MPK
is the Level-Based MPK (LBMPK) [2, 3]. As illustrated in

Figure1(b), once certain rows of the matrix are computed,
the resulting partial output vector is already sufficient to trig-
ger additional SpMV updates for other rows. Because these
rows remain in cache, they can be naturally reused. This
process resembles a “wave” propagation, where some rows
are reused multiple times across successive multiplications.
For high-degree polynomials, LBMPK attempts to maximize
cache utilization, making its performance heavily dependent
on cache size. In theory, with a sufficiently large cache, each
matrix element could be reused 𝑑 times in a single pass, re-
quiring thematrix to be read only once frommemory. In prac-
tice, however, cache capacity is far too limited for large-scale
problems. Moreover, LBMPK produces fragmented outputs,
which makes it difficult to directly integrate with Chebyshev-
or Newton-based polynomial preconditioners. A potential
workaround is to store intermediate LBMPK results, but this
inevitably introduces significant storage overhead.

2.2.2 Forward–backwardMPK. The Forward–Backward
MPK (FBMPK) method achieves data reuse by traversing the
matrix in both forward and backward directions [67]. As
shown in Figure 1(c), the sparse matrix is decomposed into
the diagonal, strictly upper, and strictly lower triangular
parts, each reused across two consecutive SpMV operations.
Algorithm 2 summarizes the workflow. The lower triangular
part is computed first, followed by the upper triangular part.
The first traversal completes the current SpMV (line 3), while
the second simultaneously performs half of the next SpMV
and stores the result in a temporary vector 𝑡𝑒𝑚𝑝 (line 4).
Thus, FBMPK reduces the total number of matrix accesses
to (𝑑 + 1)/2 for an MPK of degree 𝑑 . FBMPK executes cal-
culations and reuses data row by row, lowering cache size
requirements. Although its reuse rate is lower than that of
LBMPK, its performance is not constrained by polynomial
degree and remains highly efficient even for large 𝑑 [67].
Furthermore, FBMPK integrates naturally with polynomial
preconditioners such as Chebyshev forms.

2.3 Data Dependency and Preprocessing
Both LBMPK and FBMPK can accelerate MPK through data
reuse, however, they introduce data dependencies in large-
scale parallel environments. As shown in Figure 2, we use the
lower triangular matrix 𝐿 in FBMPK to explain it. Suppose
two threads are assigned to compute rows 𝑖 and 𝑗 , respec-
tively. During the𝑚-th and (𝑚+1)-th SpMV calculations that
produce 𝑥𝑚 and 𝑡𝑒𝑚𝑝 , the 𝑖-th nonzero in the 𝑗-th row (blue
dot) must retrieve the 𝑖-th entry from the result vector 𝑥𝑚 .
This forces thread 2 to wait for thread 1 to finish computing
row 𝑖 to generate 𝑥𝑚 [𝑖]. An analogous dependency arises in
matrix 𝑈 , which is therefore computed from bottom to up.
The right side of Figure 2 shows the task dependency graph
for rows 𝑖 and 𝑗 . It is evident that task rows 𝑖 and 𝑗 may also
depend on other task rows and also affect the computation
of other rows. This converts the memory-bound nature of
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Figure 1. Several ways of calling the matrix for MPK. The number 𝑘 represents the 𝑘-th SpMV operation. (a) is the classical
MPK, which serially calls the matrix for SpMV. (b) is LBMPK, which recursively reuses matrix rows for multiple SpMV substeps.
(c) is FBMPK, reusing matrix rows to compute two consecutive upper or lower triangular matrices.

Algorithm 2: Polynomials in FBMPK method.
Input:Matrix 𝐿,𝑈 ; Vector 𝐷 , 𝑥 ; and 𝑎0,...,𝑑 .
Output: Vector 𝑦.

1 𝑣0 = 𝑥 ; 𝑦 = 𝑎0𝑣0; 𝑡𝑒𝑚𝑝 = 𝐿𝑥

2 for 𝑖 from 1 to 𝑑 do
3 𝑣1 = (𝑈 + 𝐷)𝑣0 + 𝑡𝑒𝑚𝑝
4 𝑡𝑒𝑚𝑝 = (𝑈 + 𝐷)𝑣1 ⊲ Except for 𝑖 == 𝑑
5 𝑦+ = 𝑎𝑖𝑣1
6 𝑖 + + , if 𝑖 > 𝑑 : break
7 𝑣0 = 𝐿𝑣1 + 𝑡𝑒𝑚𝑝
8 𝑡𝑒𝑚𝑝 = 𝐿𝑣0 ⊲ Except for 𝑖 == 𝑑
9 𝑦+ = 𝑎𝑖𝑣0

10 end

Dependencies of FBMPK 
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Figure 2. The dependencies in FBMPK. When the 𝑗-th row
prepares to compute the𝑚-th and (𝑚+1)-th SpMV, it requires
the 𝑖-th result from the vector 𝑥𝑚 , which comes from the
𝑚-th and (𝑚 + 1)-th SpMV computation of the 𝑖-th row. This
creates a dependency where the row 𝑗 relies on the row 𝑖 .

sequential SpMV into a parallel-bound problem, similar to
that in the sparse triangular solve (SpTRSV) kernel.
Many works have been proposed to improve the paral-

lelism of SpTRSV [31, 40, 51], all of which are applicable to
the optimized MPK methods mentioned above. For exam-
ple, FBMPK adopts the Algebraic Block Multicolor (ABMC)
reordering method [31] to enhance parallelism. However,

these techniques may incur substantial preprocessing costs,
potentially exceeding the resources required for the problem
itself. Methods that achieve higher acceleration with lower
preprocessing costs will be more practical.

3 Diagonal Block MPK
3.1 Matrix Partitioning
To enhance the parallelism of data reuse strategy while re-
ducing preprocessing overhead, we propose a novel parallel
partitioning strategy, termed Diagonal Block MPK (DBMPK).

As shown in Figure 3, the global sparse matrix is first par-
titioned across multiple processes by rows according to a
predefined strategy. Within each process, the local matrix
is further subdivided based on the number of threads. Each
local matrix is then decomposed into 𝐴 = 𝐿 + 𝑈 + 𝐷 + 𝐸,
where 𝐿,𝑈 , and 𝐷 are the lower triangular part, upper trian-
gular part, and diagonal entries inside the diagonal blocks,
respectively, and 𝐸 contains the off-diagonal block parts. The
𝐹 parts denote the inter-process off-diagonal regions.
In the calculation of DBMPK, the 𝐿 and 𝑈 matrices fol-

low the idea of the FBMPK method, but only the diagonal
blocks are reused instead of the entire matrix. According
to Figure 2, data dependencies occurs only between rows
in triangular matrices. Unlike FBMPK, which must resolve
complex dependencies in large triangular matrices, DBMPK
achieves data reuse and improves parallelism by assigning at
least one diagonal block to each thread. Since these diagonal
blocks are distributed across different rows and columns,
inter-thread data dependency issues are avoided.
The DBMPK method therefore has a natural 1D domain

decomposition property, enabling efficient extension to dis-
tributed memory environments. The 𝐸 and 𝐹 parts are com-
puted sequentially according to the nature of matrix powers
and can be accelerated with mature SpMV optimizations. Be-
fore computing 𝐹 , inter-process communication is required
to update the vector elements needed for multiplication. In
this way, a distributed DBMPK is realized.
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3.2 Algorithm Description
Figure 4 illustrates the invocation sequence of each matrix
block in the DBMPK method. Algorithm 3 details the com-
putational steps for the polynomial evaluation.
Each lower triangular block 𝐿 is calculated first (line 1),

which can be fully parallelized. The off-diagonal blocks 𝐸 and
𝐹 are then processed (line 3), where global communication
(halo exchange) is required to obtain vector segments from
other processes before calculating the matrix 𝐹 . This com-
munication step is not explicitly included in the algorithm,
but computation–communication overlap can be applied by
exchanging vector segments for 𝐹 concurrently with the com-
putation of 𝐸. Next, the upper triangular blocks𝑈 are com-
puted, completing a full SpMV, i.e.,𝐴𝑣 = (𝐿+𝑈 +𝐷+𝐸+𝐹 )𝑣 .
As shown in line 4 of Algorithm 3, the result is stored in
𝑣1. Since the current rows of matrix 𝑈 remains in the cache,
the following SpMV involving 𝑈 (line 5) can be executed
immediately, enabling data reuse.

It is important to emphasize that data reuse occurs at the
matrix row level, represented here in matrix form. Since
there is no dependency between diagonal blocks (𝐿 or 𝑈 ),
inter-block parallelism is achieved. This enables recursive
computation of matrices𝑈 and 𝐿, where data reuse occurs
at all stages except the last computation.

Algorithm 3: Polynomials in DBMPK method.
Input:Matrix 𝐿,𝑈 , 𝐸, 𝐹 ; Vector 𝐷 , 𝑥 ; and 𝑎0,...,𝑑 .
Output: Vector 𝑦.

1 𝑣0 = 𝑥 ; 𝑦 = 𝑎0𝑣0; 𝑡𝑒𝑚𝑝 = 𝐿𝑥

2 for 𝑖 from 1 to 𝑑 do
3 𝑡𝑒𝑚𝑝+ = (E + F)v0 ⊲ Full parallelism.
4 𝑣1 = (𝑈 + 𝐷)𝑣0 + 𝑡𝑒𝑚𝑝 ⊲ Inter-block parallelism.
5 if 𝑖 < 𝑑 : 𝑡𝑒𝑚𝑝 = (𝑈 + 𝐷)𝑣1
6 𝑦+ = 𝑎𝑖𝑣1
7 𝑖 + + , if 𝑖 > 𝑑 : break
8 𝑡𝑒𝑚𝑝+ = (E + F)v1 ⊲ Full parallelism.
9 𝑣0 = 𝐿𝑣1 + 𝑡𝑒𝑚𝑝 ⊲ Inter-block parallelism.

10 if 𝑖 < 𝑑 : 𝑡𝑒𝑚𝑝 = 𝐿𝑣0
11 𝑦+ = 𝑎𝑖𝑣0
12 end

E0 E1 E2 En

sync

L/U0 L/U1 L/U2 L/Un
…

…

(a) Synchronization between matrix regions 

L/U0 L/U1 L/U2 L/Un
…

E0 E1 E2 En

L/U0 L/U1 L/U2 L/Un
…

…

L/U0 L/U1 L/U2 L/Un
…

One Full SpMV

(b) Synchronization-Free between matrix regions

Part of next SpMV

Figure 5. Parallel execution diagram of DBMPK. (a) shows
the synchronization issues between different matrix regions
caused by matrix block partitioning in parallel computing.
(b) assigns the diagonal and off-diagonal matrix regions of
the same row block to a single thread, eliminating synchro-
nization and preventing data conflicts.

3.3 Synchronization Free and Load Balance
DBMPK effectively splits the sparse matrix 𝐴 into two small-
scale SpMV operations. The matrix 𝐸 can be computed using
mature SpMV optimization interfaces. However, as shown
in Figure 5(a), data reuse introduces dependencies such that
the computation of 𝐿/𝑈 must wait for 𝐸 to finish, creating a
synchronization barrier.
To address this issue, we allocate both 𝐸 and 𝐿/𝑈 within

the same row block to the same thread. After completing
the 𝐸 and the first 𝐿/𝑈 computations for that row block, the
corresponding portion of the result vector is updated through
a full SpMV operation, which can then be reused for the
subsequent computation of the matrix 𝐿/𝑈 of the next SpMV.
This scheduling strategy, illustrated in Figure 5(b), eliminates
costly synchronization while avoiding data conflicts.

On this basis, load balancing is further applied. Consider-
ing the efficiency of the cache, the additional computational
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overhead introduced by data reuse is negligible. The ma-
trix rows are partitioned into row blocks according to their
number of nonzeros and evenly distributed across threads.

3.4 Performance Analysis
Since DBMPK only reuses the nonzeros located in the di-
agonal blocks of the matrix, we calculate the proportion of
reusable data, i.e.

𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜 =
𝐿𝑛𝑜𝑛𝑧𝑒𝑟𝑜𝑠 +𝑈𝑛𝑜𝑛𝑧𝑒𝑟𝑜𝑠

𝐴𝑛𝑜𝑛𝑧𝑒𝑟𝑜𝑠

. (3)

In general, the larger the 𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜 , the more elements can
be reused, leading to better performance. We want the nonze-
ros of the matrix to be more distributed around the diagonal.
Block partitioning and reordering techniques, such as Metis
and RCM [34, 55], can be applied together with DBMPK to
further improve diagonal density.
In terms of storage overhead, LBMPK requires multiple

vectors to store all intermediate results of SpMVs. OurDBMPK
method is similar to FBMPK, requiring only one additional
vector 𝑡𝑒𝑚𝑝 to connect the intermediate results of two con-
secutive SpMV operations.

For an 𝑛 dimensional sparse matrix 𝐴 with 𝑛𝑛𝑧 nonzeros,
the arithmetic intensity (AI) of performing the SpMV oper-
ation 𝑦 = 𝐴𝑥 in CSR format, defined as the floating-point
operations on the volume of data accessed, is

AI(𝐶𝑆𝑅) = 2𝑛𝑛𝑧
(𝑀𝐴𝐶𝑆𝑅

+𝑀𝑥,𝑦)
. (4)

Here,𝑀𝐴𝐶𝑆𝑅
includes 8nnz bytes for values, 4nnz bytes for

column indices, and 4n bytes for row indices, while 𝑀𝑥,𝑦

represents the vectors 𝑥 and 𝑦, each contributing 8n bytes.
For an MPK of power 𝑑 , both the numerator and denomina-
tor scale by a factor of 𝑑 . According to the Roofline model
[19, 61], the upper bound of MPK equals the product of AI
and memory bandwidth, up to the hardware peak perfor-
mance. Therefore, we estimate the speedup of DBMPK over
the classical serial MPK by comparing their AI. Assuming
a large power 𝑑 , DBMPK can be viewed as performing 𝑑
SpMVs that access the off-diagonal part 𝐸 and the lower or
upper triangular parts of the diagonal blocks (𝐿/𝑈 ), with an
additional intermediate vector 𝑡𝑒𝑚𝑝 . Its speedup can then
be estimated as

AI(𝐷𝐵𝑀𝑃𝐾)
AI(𝑀𝑃𝐾𝐶𝑆𝑅)

=
𝑀𝐴𝐶𝑆𝑅

+𝑀𝑥,𝑦

𝑀𝐸𝐶𝑆𝑅
+𝑀𝑥,𝑦 +𝑀𝐿/𝑈𝐶𝑆𝑅

+𝑀𝑥,𝑦,𝑡𝑒𝑚𝑝

=
12𝑛𝑛𝑧 + 20𝑛

12(1 − 𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜)𝑛𝑛𝑧 + 20𝑛 + 12 · 𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜2 𝑛𝑛𝑧 + 28𝑛

≈ 2𝑟 + 3.33
(2 − 𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜)𝑟 + 8

,

(5)

where 𝑟 denotes 𝑛𝑛𝑧
𝑛
, the average number of nonzeros per

row. When equation (5) is expected to be larger than one, we
obtain

𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜 > 5.67/𝑟 . (6)

Therefore, when 𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜 is sufficiently large, DBMPK is
expected to outperform the classical approach.
Regarding preprocessing costs, DBMPK requires only a

simple row-block partition, introducing minimal overhead
compared with the recursive level-set partitioning [2] in
LBMPK or the algebraic block multicolor method [31] used
in FBMPK. Although the amount of reused data is slightly
reduced, this trade-off is clearly worthwhile. Due to the
substantial number of SpMV and MPK operations required
by the solver, many studies argue that the preprocessing
overhead can be amortized by the accelerated computations.
However, excessively high preprocessing costs remain unde-
sirable in industrial applications. Our experimental results
confirm that DBMPK achieves significantly lower prepro-
cessing costs while delivering substantial performance gains,
making it highly practical for real-world applications.

4 DBMPK in Polynomial Preconditioning
The DBMPK method can be seamlessly integrated into prac-
tical applications while delivering significant performance
benefits. This section provides a detailed demonstration us-
ing a concrete polynomial preconditioner.

4.1 Standard Form
An effective GMRES polynomial preconditioning for acceler-
ating the solution of linear systems has been presented and
integrated into the Trilinos library [20, 43, 44]. The form of
this preconditioning can eventually be simplified as

𝑝 (𝐴)𝑥 =

(
𝑑∑︁

𝑘=1

1
𝜃𝑘

(
𝐼 − 1

𝜃1
𝐴

) (
𝐼 − 1

𝜃2
𝐴

)
· · ·

(
𝐼 − 1

𝜃𝑘−1
𝐴

))
𝑥, (7)

where the 𝜃𝑖 are harmonic Ritz values generated via an initial
GMRES run. For each subterm in the equation (7)

𝑣𝑘 =

(
𝐼 − 1

𝜃1
𝐴

) (
𝐼 − 1

𝜃2
𝐴

)
· · ·

(
𝐼 − 1

𝜃𝑘−1
𝐴

)
𝑥 . (8)

When 𝐴 is real-valued, any complex harmonic Ritz value
arise in conjugate pairs. If 𝜃𝑘 = 𝑝 + 𝑞𝑖 is one such value,
then 𝜃𝑘+1 = 𝑝 − 𝑞𝑖 . Thus we can avoid complex arithmetic
by combining conjugate pairs. The recursive formula for its
next subterm is

𝑣new =


(
𝐼 − 1

𝜃𝑘
𝐴

)
𝑣𝑘 ,(

𝐼 − 𝐴

𝜃𝑘

) (
𝐼 − 𝐴

𝜃𝑘+1

)
𝑣𝑘 ,

=


− 1
𝜃𝑘

𝐴𝑣𝑘 + 𝑣𝑘 , 𝑘 + +(
𝐴2𝑣𝑘 − 2𝑝𝐴𝑣𝑘

)
𝑝2 + 𝑞2

+ 𝑣𝑘 , 𝑘+ = 2,
(9)

which takes into account the case where the harmonic Ritz
values are real- and complex-valued, respectively. Combining
the above equations, we can derive the formula for the sum
of polynomials as follows:

𝑝 (𝐴)𝑥 + =


1
𝜃𝑘
𝑣𝑘 ,

𝑣𝑘

𝜃𝑘
+ 𝑣𝑘+1
𝜃𝑘+1

,

=


1
𝜃𝑘
𝑣𝑘 , 𝑘 + +

− (𝐴𝑣𝑘 − 2𝑝𝑣𝑘 )
𝑝2 + 𝑞2 , 𝑘+ = 2.

(10)
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Algorithm 4: Polynomials Preconditioning in
DBMPK method.
Input:Matrix 𝐿,𝑈 , 𝑅; Vector 𝐷 , 𝑥 ; Harmonic Ritz values 𝜃1,...,𝑑 .
Output: Vector 𝑦.

1 for 𝑖 from 1 to 𝑑 do
2 𝛼𝑖 = −1/𝑟𝑒𝑎𝑙 (𝜃𝑖 ) ; 𝛽𝑖 = 2 ∗ 𝑟𝑒𝑎𝑙 (𝜃𝑖 )𝛾𝑖 ; 𝛾𝑖 = 1/|𝜃𝑖 |2
3 end
4 𝑦 = 𝛼1𝑥 ; 𝑡𝑒𝑚𝑝 = 𝛼1𝐿𝑥 ; 𝑔1 = 𝑥

5 for 𝑘 from 1 to 𝑑 − 1 do
6 if 𝑘 == 𝑜𝑑𝑑 : 𝑋 = (𝑈 +𝐷 )
7 else if 𝑘 == 𝑒𝑣𝑒𝑛 : 𝑋 = 𝐿

8 𝑠𝑤𝑎𝑝 (𝑔0, 𝑔1 )
9 if 𝑖𝑚𝑎𝑔 (𝜃𝑘 ) == 0 then ⊲ 𝜃𝑘 is real
10 𝑡𝑘 = 𝛼𝑘

11 if 𝑖𝑚𝑎𝑔 (𝜃𝑘+1 )! = 0 : 𝑡𝑘+1 = 1
12 else if 𝑖𝑚𝑎𝑔 (𝜃𝑘+1 ) == 0 : 𝑡𝑘+1 = 𝛼𝑘+1
13 𝑡𝑒𝑚𝑝+ = 𝑡𝑘𝑅𝑔0 + 𝑔0

14 𝑔1 = 𝑡𝑘𝑋𝑔0 + 𝑡𝑒𝑚𝑝 ⊲ Inter-block parallelism.
15 𝑡𝑒𝑚𝑝 = 𝑡𝑘+1𝑋𝑔1 ⊲ Except 𝑘 == 𝑑 − 1
16 else if 𝑖𝑚𝑎𝑔 (𝜃𝑘 )! = 0 then ⊲ 𝜃𝑘 Conjugate 𝜃𝑘+1
17 𝑡𝑘 = 1
18 𝑡𝑘+1 = 𝛾𝑘

19 𝑡𝑒𝑚𝑝+ = 𝑡𝑘𝑅𝑔0

20 𝑔1 = 𝑡𝑘𝑋𝑔0 + 𝑡𝑒𝑚𝑝 ⊲ Inter-block parallelism.
21 𝑡𝑒𝑚𝑝 = 𝑡𝑘+1𝑋𝑔1 − 𝛽𝑘𝑔1 + 𝑔0

22 𝑦+ = −𝛾𝑘+1𝑔1
23 𝑘 + + ⊲ 𝜃𝑘−1 Conjugate 𝜃𝑘
24 𝑡𝑘 = 𝛾𝑘

25 Repeat lines 6, 7, 8, 11 and 12.
26 𝑡𝑒𝑚𝑝+ = 𝑡𝑘𝑅𝑔0

27 𝑔1 = 𝑡𝑘𝑋𝑔0 + 𝑡𝑒𝑚𝑝 ⊲ Inter-block parallelism.
28 𝑡𝑒𝑚𝑝 = 𝑡𝑘+1𝑋𝑔1 ⊲ Except 𝑘 == 𝑑 − 1
29 end
30 if 𝑖𝑚𝑎𝑔 (𝜃𝑘+1 )! = 0 : 𝑦+ = 𝛽𝑘+1𝑔1
31 else if 𝑖𝑚𝑎𝑔 (𝜃𝑘+1 ) == 0 : 𝑦+ = −𝛼𝑘+1𝑔1
32 end

4.2 Apply DBMPK to Polynomials
Algorithm 4 describes the computation of GMRES precondi-
tioned polynomials in DBMPK method derived from equa-
tions (9) and (10). The algorithm distinguishes between real
and complex harmonic Ritz values 𝜃𝑘 , where 𝑟𝑒𝑎𝑙 (𝜃𝑘 ) and
𝑖𝑚𝑎𝑔(𝜃𝑘 ) denote their real and imaginary parts, respectively.
Here, 𝑔0 stores the current 𝑣𝑘 and 𝑔1 stores the updated 𝑣new,
and 𝑋 denotes the part of the triangular matrix selected for
this computation.

For real 𝜃𝑘 , only one subterm is calculated in each iteration.
The coefficients of 𝑣𝑘 and 𝑣𝑘+1 are first determined (lines 10-
12). Then, 𝑣𝑘+1 is calculated according to equation (9) and
stored in 𝑔1, while the matrix block𝑋 is reused for the (𝑘+1)-
th round SpMV (lines 14-15). Finally, the 𝑣𝑘+1 is accumulated
into the polynomial sum (lines 30-31).

For complex 𝜃𝑘 , two consecutive subterms are computed
to account for the conjugate pair. In the first step, the in-
termediate product 𝐴𝑣𝑘 of 𝑣new is computed, and the term

Table 1. Hardware platforms used in evaluation.

Intel(R) Xeon(R) Gold 6348 Kunpeng (KP) 920

28 #Cores with 2.6GHz Freq. 32 #Cores with 2.6GHz Freq.
L1 cache(I/D) 32K/48K L1 cache(I/D) 64K/64K

L2 cache 1.25MB L2 cache 0.5MB
L3 cache 42MB L3 cache 64MB

−2𝑝𝐴𝑣𝑘
𝑝2+𝑞2 + 𝑣𝑘 from equation (9) is stored in 𝑡𝑒𝑚𝑝 (lines 20-21).
Then, the contribution −𝐴𝑣𝑘

𝑝2+𝑞2 of the polynomial sum from
equation (10) is added (line 22). The remaining part 2𝑝𝑣𝑘

𝑝2+𝑞2
has already been incorporated using the 𝑣𝑘 obtained in the
previous iteration (line 30). In the second step, the remainder
part 𝐴2𝑣𝑘

𝑝2+𝑞2 of 𝑣new is computed and stored in 𝑔1, thereby com-
pleting another round of data reuse (lines 27-28). Similarly,
the resulting 𝑣new is eventually added to the polynomial sum,
completing the update for this conjugate pair.

5 Evaluation
5.1 Setup
We evaluate our polynomial optimization strategy on two
multicore CPUs: one Intel XeonGold-6348 X86 CPU@2.6GHz
and one Kunpeng 920 (KP 920) ARMv8 CPU@2.6GHz. Their
information is shown in Table 1. The experiments are con-
figured with GCC-11.2.0, MPICH-4.0.2 and LAPACK-3.10.0,
with the ’-O3’ option enabled.

The experiment uses 108 sparse matrices from the SuiteS-
parse Matrix Collection [15]. All matrices are large in size
(𝑟𝑜𝑤𝑠 > 20,000) and avoid duplicate matrix types. Several
representative matrices are selected for detailed analysis.

Our experiment consists of two parts: (1) analyzing MPK
methods and (2) applying polynomial preconditioning in
practice (Section 6). We evaluate five variants of MPK op-
timization: sequential SpMVs using the CSR format (CSR),
sequential SpMVs with Intel MKL (MKL), an LBMPK-based
optimization (LBMPK) [2–4], FBMPK-based optimization
(FBMPK) [67], and our proposed method (DBMPK). For fair-
ness, we apply the same load balancing to the CSR version
as in DBMPK, focusing solely on the algorithmic advantages.
The performance of LBMPK is strongly influenced by cache
size (see Figure 15 in [3]), and selecting the optimal power
for different matrices is empirically challenging. To ensure
stable results, we configure LBMPKwith recursive calls up to
power 𝑑 = 5. Subsection 5.4.2 shows that choosing 𝑑 = 5 of-
fers a reasonable trade-off between efficiency and generality.
The FBMPK algorithm employs a parallel SpTRSV heuristic
scheduling strategy [31].
To isolate the impact of algorithmic differences, we con-

duct all MPK evaluations in a single-process (single-node)
environment without additional system-level optimizations.
In the subsequent polynomial preconditioning experiments,

666



PPoPP ’26, January 31 – February 4, 2026, Sydney, NSW, Australia Yang et al.

0.50
0.75
1.00
1.25
1.50
1.75
2.00

sp
ee

du
p

d=5
MKL
LBMPK

FBMPK
DBMPK

d=20 d=40

0.0 0.2 0.4 0.6 0.8 1.0
diag_ratio

0.50
0.75
1.00
1.25
1.50
1.75
2.00

sp
ee

du
p

LBMPK
FBMPK

DBMPK

0.0 0.2 0.4 0.6 0.8 1.0
diag_ratio

0.0 0.2 0.4 0.6 0.8 1.0
diag_ratio

Figure 6. Speedups of different MPK implementations compared to sequential SpMVs in CSR format for 108 sparse matrices
on Intel (upper) and KP 920 (lower). The MPK powers are 𝑑 = 5, 20, and 40, with the horizontal axis representing 𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜 .
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Figure 7. Preprocessing overhead of different MPK imple-
mentations for 108 sparse matrices.

we demonstrate that DBMPK delivers strong performance
and scalability in distributed computing scenarios.

5.2 Overall Performance
Figure 6 shows the speedups of several optimized MPK im-
plementations relative to the serial CSR version across 108
matrices on two platforms, with polynomial degrees 𝑑 = 5,
𝑑 = 20, and 𝑑 = 40, respectively. The 𝑥-axis of each sub-
plot represents the proportion of diagonal block elements
𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜 in equation (3) (corresponding to 28 row blocks
on the Intel platform and 32 row blocks on the KP 920 plat-
form). The DBMPK method demonstrates more stable per-
formance improvements when 𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜 is high. However,
when 𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜<30%, the benefit of DBMPK is limited due
to the smaller number of reusable elements. The LBMPK
and FBMPK methods may exhibit higher acceleration lim-
its for certain matrices; however, for many matrices, their
performance gains are modest and can even result in neg-
ative speedups. Overall, on the Intel platform, the perfor-
mance of the MKL implementation is comparable to that of
the CSR baseline. LBMPK achieves average accelerations of
16.1%, 13.2%, and 12.8% for all matrices at 𝑑 = 5, 20, and 40,
respectively. FBMPK attains speedups of −4.8%, 8.2%, and
9.2%, while DBMPK delivers average improvements of 18.4%,

Table 2. The information of representative matrices.
𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜 is the result when there are 28 row blocks.

ID Matrix rows nnz nnz/rows diag_ratio

1 Laplace(7pt)∗ 7,077,888 49,324,032 6.97 81.6%
2 Laplace(27pt)∗ 7,077,888 189,119,224 26.72 86.8%
3 FEM_3D_thermal2 147,900 3,489,300 23.59 91.5%
4 BenElechi1∗ 245,874 13,150,496 53.48 93.6%
5 xenon2 157,464 3,866,688 24.56 86.8%
6 oilpan∗ 73,752 3,597,188 48.77 83.8%
7 cfd2∗ 123,440 3,087,898 25.02 77.4%
8 Serena∗ 1,391,349 64,531,701 46.38 56.8%
9 m_t1∗ 97,578 9,753,570 99.96 55.4%
10 ship_001∗ 34,920 4,644,230 133 46.6%
11 cage14 1,505,785 27,130,349 18.02 62.4%
12 msdoor∗ 415,863 20,240,935 48.67 46.7%
13 CoupCons3D 416,800 22,322,336 53.56 48.3%
14 Transport 1,602,111 23,500,731 14.67 45.9%
15 poisson3Db 85,623 2,374,949 27.74 7.76%
∗ These matrices are real symmetric, while the rest are nonsymmetric.

36.7%, and 38.4% over the same settings. On the KP 920 plat-
form, LBMPK achieves average speedups of 12.5%, 11.0%, and
9.9%, respectively; FBMPK shows improvements of −5.7%,
5.3%, and 5.8%; DBMPK obtains average speedups of 13.6%,
25.2%, and 26.6%, respectively. As the power 𝑑 increases,
DBMPK becomes increasingly advantageous, showing a sta-
ble upward trend in acceleration, while LBMPK reaches its
performance limit at lower powers.

5.3 Preprocessing Overhead
Preprocessing overhead is a critical concern in high per-
formance computing, as excessive overhead is undesirable
in practice. DBMPK, with its low preprocessing overhead
and consistent speedup, presents a more favorable choice
in practice. Figure 7 compares the preprocessing overhead
of DBMPK and LBMPK on both platforms, where the time
cost has been converted into the number of SpMV opera-
tions. Specifically, the average preprocessing overhead of
DBMPK on the Intel platform is only 12.9 SpMV operations,
and on the KP 920 platform is only 9.5 SpMVs. In contrast, the
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Figure 8. Performance of different MPK implementations on representative matrices on Intel (left) and KP 920 (right) platforms,
where the power 𝑑 = 20. #1-15 represent matrix indices in Table 2.
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Figure 9. Performance of LBMPK on Intel (left) and KP 920
(right) platforms for powers ranging from 2 to 10, with power
d=5 exhibiting globally optimal performance.

LBMPK method requires an average of 393 and 302 SpMVs,
respectively, and some matrices even require thousands of
SpMVs. More critically, the core preprocessing routines of
LBMPK have low parallelism, and its relative overhead will
be further amplified as the computing resources increase.

5.4 More Analysis
Table 2 lists the characteristics of 15 representative matri-
ces, where 𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜 is calculated with 28 diagonal blocks.
These matrices originate from various scientific fields such
as structural analysis, computational fluid dynamics, circuit
simulation, and chemical analysis, as well as 7-point and
27-point Laplace matrices with dimensions of 1923.

5.4.1 Performance Analysis. Figure 8 presents the per-
formance of various MPK implementations for these matri-
ces. “Theory” refers to the result computed from equation
(5), and the actual performance of DBMPK is consistent with
it. DBMPK demonstrates substantial speedups over the se-
rial CSR version for matrices #2-11, while maintaining com-
petitive results for the others. This performance advantage
primarily stems from higher 𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜 values (46.6%-93.6%)
in matrices #2-11, indicating greater opportunities for data
reuse. However, high 𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜 alone does not guarantee
optimal performance. Equations (5) and (6) demonstrate that
DBMPK performance also depends on the matrix’s average
number of nonzeros per row. When a matrix’s nonzeros are
concentrated near the diagonal, DBMPK exhibits higher ef-
ficiency, especially when there are more nonzeros in each
row. However, such matrix pattern poses significant cache
challenges for the LBMPK and FBMPK methods.

5.4.2 Sweep of LBMPK. Figure 9 shows the performance
of LBMPK as the polynomial power increases from 2 to 10 for
the matrices in Table 2 on two platforms. The table beneath
the figure summarizes the aggregated performance across all
matrices at each power. LBMPK struggles at high powers, and
its performance generally degrades once the power exceeds
7. Each matrix attains its peak performance at a different
power. Empirically, we find that 𝑑 = 5 provides the best
overall performance on both platforms. Consequently, all
high-order power evaluations of LBMPK in this work use
recursive calls to the power-5 kernel.

5.4.3 Ablation Analysis. DBMPK incorporates two addi-
tional optimizations: removing synchronization between the
matrix blocks 𝐸 and 𝐿/𝑈 , and applying load balancing based
on the nonzero count of each row block. Figure 10 illustrates
their impact. The synchronization between 𝐸 and 𝐿/𝑈 , intro-
duced by matrix partitioning, can significantly degrade per-
formance on parallel systems; eliminating it is thus essential
for maintaining DBMPK’s scalability. When the off-diagonal
blocks have highly imbalanced nonzero distributions–as in
matrix ID=#15, poisson3Db–load balancing yields substan-
tial performance gains.

5.4.4 Memory Traffic. We measured the memory traf-
fic of several MPK methods using the LIKWID tool [57].
Figure 11 reports their memory traffic relative to the se-
rial CSR-based MPK. All three optimized methods reduce
memory traffic in most cases. LBMPK attains the lowest traf-
fic but also suffers from the poorest bandwidth utilization.
DBMPK reuses data only within diagonal blocks, giving it
slightly higher traffic than FBMPK. However, both LBMPK
and FBMPK introduce inter-block data dependencies that
incur substantial synchronization overhead, ultimately re-
ducing effective bandwidth compared to DBMPK. By elimi-
nating inter-block synchronization, DBMPK achieves more
stable and robust performance.

5.4.5 Matrix Reordering. Reordering is a fundamental
strategy in sparse matrix computations as it redistributes
nonzeros and enhances data locality. The LBMPK and FBMPK
methods incorporate reordering after row scheduling. DBMPK
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Figure 10. Ablation analysis of DBMPK on Intel (upper) and
KP 920 (lower) platforms.
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Table 3. Several commonly used sorting algorithms improve
the proportion of diagonal block elements in the initial row
division of the DBMPK methods.

ID Initial
diag_ratio

+RCM +GP +ND

ratio speedup ratio speedup ratio speedup

1 81.6% 78.8% 1.09× 84.4% 1.16× 79.6% 0.93×
2 86.8% 79.3% 0.96× 94.0% 1.10× 90.6% 0.84×
3 91.5% 81.0% 0.97× 92.1% 0.98× 85.2% 0.86×
4 93.6% 93.5% 1.04× 95.2% 1.01× 88.5% 0.98×
5 86.7% 74.8% 0.97× 90.3% 0.99× 80.8% 0.89×
6 83.9% 73.9% 0.96× 92.5% 0.98× 78.6% 0.92×
7 77.5% 76.0% 0.92× 90.4% 0.93× 80.1% 0.67×
8 56.9% 57.8% 1.02× 93.9% 1.33× 87.9% 1.11×
9 55.6% 56.4% 1.02× 91.2% 1.06× 76.9% 1.07×
10 46.2% 71.8% 1.19× 82.5% 1.24× 63.2% 1.08×
11 63.8% 44.1% 0.86× 85.4% 1.03× 70.2% 0.80×
12 46.7% 85.0% 1.40× 96.4% 1.48× 92.6% 1.44×
13 48.3% 77.7% 1.26× 94.5% 1.39× 87.2% 1.33×
14 45.9% 89.3% 1.40× 91.2% 1.47× 87.7% 1.32×
15 7.8% 56.5% 1.63× 87.6% 1.81× 72.8% 1.56×

can also employs reordering to increase 𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜 and con-
sequently enhance data reuse. We evaluate the effect of sev-
eral common reordering strategies on diagonal-block occu-
pancy. Specifically, we apply Reverse Cuthill–McKee (RCM)
from the SpMP library [30], as well as Graph Partitioning
(GP) and Nested Dissection (ND) from Metis [33]. Results
for the 15 matrices are summarized in Table 3. For matri-
ces with a high initial 𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜 , DBMPK already delivers
strong speedups without reordering. In contrast, for matrices
with 𝑑𝑖𝑎𝑔_𝑟𝑎𝑡𝑖𝑜 < 50%, applying reordering helps DBMPK
achieve more stable and consistent performance improve-
ments.

We emphasize that this subsection only demonstrates that
DBMPK can potentially benefit from reordering techniques.
However, no reordering strategies are used in any of the
experimental analyses presented in this paper.

6 Applications
YHAMG is a parallel algebraicmultigrid algorithm library [64],
in which we have implemented the polynomial precondition-
ing for GMRES method, the eigenvalue solvers with polyno-
mial filtering, and the multigrid method using polynomials
as smoothers. All of these methods use the polynomials, so
we integrate the DBMPK approach into YHAMG and com-
pare it with equivalent methods in state-of-the-art libraries,
including Trilinos [27], EVSL [37], and HYPRE [21]. All eval-
uations of DBMPK in this section are conducted without
any reordering. ParMetis [35] is used only in distributed
experiments, where it serves as a standard tool for workload
balancing and reducing inter-process communication.

6.1 Polynomial Preconditioning for GMRES
A polynomial preconditioned GMRES for solving sparse lin-
ear systems is proposed in [43] and has been integrated into
Trilinos library [44]. We reproduce this method in YHAMG
and incorporate the DBMPK strategy. Details can be found in
Section 4. Table 4 reports the solution times for the matrices
in Table 2 on the Intel platform, where GMRES employs a
restart frequency of 50 and terminates iteration when the
relative residual reaches 10−8. The polynomial power is𝑑=40,
except for matrix #8 which is 30. 𝛼N: 𝛽P×𝛾T indicates that
𝛽 processes run on 𝛼 nodes, with each process containing
𝛾 threads. Iteration counts 𝑖𝑡𝑒𝑟𝑠_𝑇𝑟 and 𝑖𝑡𝑒𝑟𝑠_𝑌 from both
libraries are nearly identical, validating the accuracy of our
reproduction. In all tests, DBMPK maintains the same num-
ber of iterations for these problems. Due to the extremely
large condition number of the matrix serena (ID =#8), the
use of random right-hand sides led to substantial differences
in convergence behavior between the two libraries.

In various resource configurations, YHAMG consistently
outperforms Trilinos. The integration of DBMPK further
accelerates YHAMG, with especially pronounced benefits
in multi-process scenarios. On average, DBMPK improves
YHAMG’s performance by 29.4%, 31.2%, 22.7%, and 18.6%
in the four tested configurations. In the 4N:4P×28T setup,
Trilinos yields better results on some matrices. However, in
the 4N:16P×7T configuration, Trilinos exhibits substantial
slowdowns on some matrices when multiple processes are
mapped to the same NUMA node, likely due to memory
access optimization mechanisms specific to its NUMA-aware
design. In contrast, YHAMG with DBMPK relies solely on
algorithmic improvements, ensuring stable performance as
the number of processes varies.
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Table 4. Performance analysis of solving matrix linear equations based on GMRES polynomial preconditioning with power 𝑑
= 40. (N: nodes, P: processes, T: threads, Tr: Trilinos, Y: YHAMG, opt: DBMPK)

1N: 1P×28T 4N: 4P×28T 4N: 16P×7T 4N: 112P×1T

ID iters_Tr iters_Y time_Tr time_Y Y+opt time_Tr time_Y Y+opt time_Tr time_Y Y+opt time_Tr time_Y Y+opt

1 12 13 6.551 5.855 5.641 1.863 1.213 1.084 3.512 1.149 0.999 1.575 0.933 0.810
2 8 8 8.951 8.336 6.070 2.344 1.993 1.477 3.718 2.313 1.598 2.233 1.834 1.181
3 11 11 0.131 0.135 0.108 0.047 0.067 0.056 0.037 0.032 0.031 0.028 0.021 0.025
4 79 79 4.252 4.238 2.477 0.776 0.817 0.623 12.930 0.580 0.474 0.607 0.531 0.367
5 23 25 0.303 0.330 0.240 0.109 0.143 0.116 0.083 0.074 0.069 0.051 0.070 0.070
6 1,635 1,537 16.700 16.623 12.854 5.347 11.600 8.621 3.910 4.278 3.451 2.700 2.459 2.779
7 72 68 0.723 0.694 0.569 0.278 0.456 0.374 0.214 0.236 0.169 0.168 0.141 0.156
8 232 208 71.740 59.15 44.949 20.171 14.992 11.213 65.891 13.895 9.808 19.05 14.291 8.598
9 1,123 1,145 42.980 43.501 28.913 7.338 9.888 9.443 6.987 6.344 5.576 5.374 4.280 4.454
10 377 363 5.687 5.471 4.391 1.855 3.108 2.148 12.880 1.355 1.219 4.042 1.483 1.515
11 2 1 0.190 0.268 0.204 0.068 0.105 0.088 0.579 0.095 0.080 0.091 0.106 0.077
12 1,172 1,150 110.20 102.12 82.789 29.140 20.426 16.775 301.10 16.387 12.735 39.120 14.937 9.598
13 843 859 117.60 116.20 90.723 34.510 25.282 18.565 224.70 18.702 13.912 28.730 16.807 11.027
14 24 24 3.987 3.201 2.810 1.189 1.233 0.599 7.473 0.572 0.413 0.907 0.562 0.445
15 8 8 0.076 0.087 0.077 0.064 0.047 0.039 0.099 0.023 0.024 0.349 0.050 0.069
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Figure 12. Time comparison of YHAMG+DBMPK, YHAMG and EVSL (left, 1N: 1P×28T). Time comparison of YHAMG+DBMPK,
YHAMG and pEVSL (right, 4N: 4P×28T). #16-25 represent matrix indices in Table 5.

6.2 Polynomial Filter for Eigenvalue Problems
Polynomial filtering is a widely used technique for accelerat-
ing eigenvalue computations and has been implemented in
several eigenvalue solvers, including EVSL [37], SLEPc [26],
and ChASE [62]. DBMPK can be seamlessly used to acceler-
ate polynomial filtering for symmetric eigenvalue problems.
To this end, we conduct experiments using sparse matrices
from the SuiteSparse and ELSES matrix collections [15, 28],
as well as the 7-point and 27-point Laplacian matrices.
We adopt the same polynomial filter used in EVSL, a

Chebyshev polynomial approximation to the Dirac delta
function [38]. We use the polynomial filtering thick-restart
Lanczos algorithm (FiltLanTR) to solve Hermitian eigen-
value problems. Since the coefficients of the polynomials
are strictly real, DBMPK only needs to apply the real-value
version of Algorithm 4 (lines 10–15). Our implementation
closely follows that of EVSL [37], and pEVSL3. The results on
the Intel platform are shown in Figure 12. YHAMG demon-
strates comparable results to both EVSL and pEVSL, while
DBMPK gives YHAMG an average gain of 17.9% to 26.7%.

3pEVSL is an MPI version of EVSL that is under development. We compare
FiltLanTR without restarting in pEVSL against our corresponding one.

Table 5. Eigenvalue information of sparse matrix.

ID Matrix rows nnz Interval N_evals

16 Laplace(7pt) 216,000 1,490,400 [0.6, 0.8] 950
17 Laplace(27pt) 216,000 5,639,752 [−4, −2.5] 565
18 Ge87H76 112,985 782,195 [−0.64, −0.8] 1,039
19 Ge99H100 112,985 8,451,395 [−0.65, 0.8] 1,125
20 Si41Ge41H72 185,639 15,011,265 [−0.64, 0.6] 738
21 Si87H76 240,369 10,661,631 [−0.66, 0.4] 677
22 VCNT40000std 40,000 4,059,424 [−0.5, −0.4] 1,479
23 VCNT100000std 100,000 3,999,424 [−0.64, −0.61] 1,020
24 VCNT1000000std 1,000,000 3,099,424 [−0.85, −0.835] 518
25 NCCS430080std 430,080 19,165,216 [−0.8, −0.79] 69
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Figure 13. Weak scalability performance of polynomial pre-
conditioned GMRES optimized using the DBMPK strategy.

The version YHAMG_DBMPK is approximately 24.6% to
32.0% faster than EVSL and pEVSL on average.
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6.3 Smoothing Operators in Multigrid
Matrix polynomials can serve as smoothers in multigrid
methods. We apply multigrid algorithms to solve 3D Laplace
(7-point stencil) problem to evaluate the scalability of DBMPK
in large-scale parallel environments. The experiments are
conducted on the Intel platform with 128 nodes, with each
node running 4 processes and each process enabling 7 threads.
Each process computes a 1923 cube subdomain. The multi-
grid employs HMIS coarsening strategy with interpolation
truncated to at most 4 elements per row, and utilizes a 4-th
order Jacobi-Chebyshev smoother. The system is solved us-
ing a CG solver with AMG preconditioner, with the relative
residual converging to 10−8. We compare three different im-
plementations: HYPRE, YHAMG, and YHAMGwith DBMPK.
Figure 13 shows the test results. As the scale of the prob-

lem increases, YHAMG and HYPRE exhibit similar conver-
gence behavior. Due to differences in the implementation of
HMIS and interpolation, YHAMG achieves higher speed than
HYPRE. The DBMPK strategy does not affect the number
of iterations required by YHAMG to solve the problem. In
all computational configurations, DBMPK brings an average
performance improvement of 34% to YHAMG.

7 Related Work
Chebyshev polynomials and least-squares polynomials can
effectively compress the matrix spectrum within a given in-
terval to minimize error and improve the convergence of
iterative methods [36, 53, 54]. Therefore, they are common
choices for polynomial preconditioners. The polynomial pre-
conditioner for GMRES was proposed in [1, 39], where the
coefficients of the polynomial are calculated using power
bases and regular equations. This method is only applica-
ble to low-order polynomials. [20] proposed a method that
uses harmonic Ritz values generated by initial GMRES itera-
tions to perform a spectral transformation, thereby solving
eigenvalues via the Arnoldi method. The literature [43] ap-
plied this method to GMRES polynomial preconditioning,
achieving more efficient and stable results.

Compared to other preconditioning methods, polynomial
preconditioning offers advantages in terms of high paral-
lelism, memory efficiency, and implementation simplicity,
with its core consisting of a series of SpMV operations. Ex-
tensive research has been devoted to optimize this kernel
[11, 41, 42, 45, 50, 60]. Beyond optimizing individual ker-
nels, researchers have increasingly focused on kernel fusion
strategies, which aim to reuse cache-resident matrix blocks
across successive SpMVs. This approach is particularly ef-
fective for higher-order polynomial operations, as it reduces
memory traffic by operating on smaller, reused subsets of
data [46–48], and has culminated in the development of the
RACE library [2]. FBMPK focuses solely on two consecu-
tive SpMV operations [67]. To eliminate data dependencies
similar to those in sparse triangular solvers, algebraic block

multi-color (ABMC) [31] reordering is required, but this pro-
cedure is computationally expensive. Our DBMPK method
avoids data conflicts by locally applying the FBMPK method
through an offset partitioning of diagonal blocks.
Partitioning row blocks into diagonal and off-diagonal

parts is common in sparse matrix libraries such as Hypre. A
hierarchical diagonal blocking (HDB) method has been pro-
posed and applied to optimize SpMV [9, 49]. Compared with
HDB and Hypre, this paper achieves an effective trade-off
among performance, portability, and preprocessing overhead
for polynomial preconditioning. DBMPK naturally adopts a
1D distributed partitioning scheme where only halo vectors
must be communicated across processes. This communica-
tion pattern aligns well with modern network designs [18]
that aim to isolate and accelerate small-to-medium jobs. A
common 1D row partitioning method is to evenly distribute
𝑛 rows among 𝑝 processes, with each process thus having ap-
proximately 𝑛/𝑝 consecutive rows. This distribution method
does not guarantee balanced distribution of nonzeros. In
the matrix of graph- or grid-based simulations, the distribu-
tion of nonzeros is typically highly irregular, making graph
partitioning the preferred method. Graph and hypergraph
partitioning problems have been extensively studied, and
there are several high-quality software tools available, includ-
ing Scotch [52], PaToH [13], and Zoltan [10]. The distributed
application in this paper uses the ParMetis library [35].

8 Conclusion
We have presented DBMPK, a diagonal block memory-aware
optimization algorithm for matrix power kernel (MPK) com-
putations in polynomial preconditioners. By partitioning
sparse matrices into independent diagonal blocks and off-
diagonal regions, DBMPK achieves data reuse of the upper
and lower triangular submatrices, eliminates data dependen-
cies, and ensures parallelism. Evaluations on 108 matrices
show that DBMPK achieves an average performance im-
provement of 38.4% on Intel and 26.6% on KP920 platforms
for high-order MPK. This design achieves extremely low
preprocessing overhead, equivalent to only 12.9/9.5 SpMV
operations on Intel/KP 920 platforms, respectively. DBMPK
demonstrates outstanding performance across multiple poly-
nomial preconditioning applications. Specifically, it accel-
erates the solver’s runtime by 18.6%–34.0% in distributed
parallel environments without altering convergence.
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