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This paper introduces a high performance implementation of the Zolo-SVD algorithm on distributed
memory systems, which is based on the polar decomposition (PD) algorithm via the Zolotarev’s function
(Zolo-PD), originally proposed by Nakatsukasa and Freund [SIAM Review, 2016]. Our implementation
highly relies on the routines of ScaLAPACK and therefore it is portable. Compared with the other PD
algorithms such as the QR-based dynamically weighted Halley method (QDWH-PD), Zolo-PD is natu-

MSC: rally parallelizable and has better scalability though performs more floating-point operations. When us-
65F15 ing many processors, Zolo-PD is usually 1.20 times faster than the QDWH-PD algorithm, and Zo1lo-SVD
68W10 can be about two times faster than the ScaLAPACK routine PDGESVD. These numerical experiments are
Keywords: performed on Tianhe-2A supercomputer, one of the fastest supercomputers in the world, and the tested
Scal. APACI( matrices include some sparse matrices from particular applications and some randomly generated dense
Polar decomposition matrices with different dimensions. Our QDWH-SVD and Zolo-SVD implementations are freely available
Zolotarev at https://github.com/shengguolsg/Zolo-SVD.
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1. Introduction

Computing the SVD of a matrix is an important problem in sci-
entific computing and many applications. For example, SVD has
been used for information retrieval [10], principal component anal-
ysis (PCA) in Statistics [24], and signal processing [29]. How to
compute it in an efficient and scalable way has gathered much at-
tention.

State-of-the-art SVD solvers are based on the bidiagonal re-
duction (BRD) strategy, consisting of the following three stages.
First, a general matrix is reduced to an upper bidiagonal form
by a sequence of (two-sided) orthogonal transformations [11], and
this step is called bidiagonal reduction. Second, the bidiagonal
SVD problem is solved by any standard method such as DC [17],
QR [13] or MRRR [39]. Finally, the singular vectors are computed by
accumulating the orthogonal transformations from the bidiagonal
reduction, which is called back transformation. The reduction step
is the most time-consuming phase, and takes 75%-99% of the to-
tal time on homogeneous multicore architecture [27]. Some recent
works have been focused on accelerating the bidiagonal reduction
phase, see references [15,19,27]. To be efficient, much effort is re-
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quired to develop an efficient and scalable algorithm. Every detail
has to be considered including synchronization of multi-threads,
vectorization, cache issues, and so on.

There are four main types of bidiagonalization methods. One is
the classical one-stage approach, used in LAPACK and ScalLAPACK,
which directly reduces a matrix to its bidiagonal form through
sequences of orthogonal transformations (Householder or Givens)
from two sides. Another is the two-stage approach, proposed
in [14], which first reduces a matrix to its banded form and then a
banded matrix is bidiagonalized. Another approach is obtained by
means of the Lanczos algorithm, see [16] and [35]. The fourth ap-
proach is the so called one-sided bidiagonalization, first proposed by
Ralha in [34], and stabilized by Barlow, Bosner, and Drmac [4] and
a block parallel version is proposed in [6].

In this work we exploit a different approach. We try out some
new algorithms firstly proposed in the numerical linear alge-
bra community. Higham and Papadimitriou [23] introduce a new
framework for computing the SVD which is based on the polar
decomposition and combines with the eigendecomposition algo-
rithms. Note that any rectangular matrix A € C™"(m > n) has a
polar decomposition (PD)

A=QH, (1)

where Qp € C™" is a (tall) matrix with orthogonal columns and
H e C™" is Hermitian positive semidefinite [21]. The SVD of A can
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be obtained by further computing the eigendecomposition of H,
die, A= Qp(VAV*) = (QpV)AV* :=UAV*.

One advantage of this framework is that it can be accelerated
by many efficient PD algorithms and some well-developed scal-
able eigensolvers (such as ELPA [28]) without implementing the
complicated bidiagonalization codes. Therefore, its implementation
is relatively simple. While, its main drawback is that it requires
much more floating-point operations than the bidiagonal reduction
approach, see [31,32] for details. This framework is well-known
in the numerical linear algebra community, but there are few or
no results on its performance on supercomputers compared with
existing parallel SVD algorithms, for example, the algorithms in
ScaLAPACK [5,7], the most famous parallel numerical linear pack-
age.

The SVD problem is reduced to an eigenvalue problem via the
polar decomposition, and therefore the recent well-developed scal-
able eigenvalue packages are usable. The remaining problem is
how to compute the polar decomposition in a scalable and effi-
cient way. There exist many algorithms such as the scaled Newton
(SN) method [21], and the QR-based dynamically weighted Halley
(QDWH) method [30]. In [31], Nakatsukasa and Freund proposed
a variant of the QDWH-PD algorithm with higher order of conver-
gence for the polar decomposition by using Zolotarev’s function,
and call it Zolo-PD. It is shown that the convergence order of
Z0lo-PD can be 17, and it usually requires one or two iterations
(while QDWH requires less than 6 iterations). As in [31], we still
name this Zolo-PD based SVD algorithm as Zolo-SVD.

The QDWH-SVD algorithm which is used to compute the SVD
in [32], has been implemented on multicore architecture en-
hanced with multiple GPUs [36,37]. The results there show that
QDWH-SVD can outperform the standard methods. Sukkari et al.
[38] further present a comprehensive performance of QDWH-SVD
on a large-scale distributed-memory platform, based on ScalA-
PACK [7]. With QDWH-PD as a preprocessing step and using the
eigensolver ELPA [28] for computing the eigendecomposition, the
distributed parallel QDWH-SVD algorithm [38] achieves up to five-
fold and two-fold than the ScaLAPACK routine PDGESVD on ill and
well-conditioned matrices, respectively. A more complete perfor-
mance study is included their more recent paper [8].

In this paper we mainly exploit the Zolo-SVD algorithm,
and introduce a high performance Zolo-PD implementation on
distributed-memory platforms based on ScaLAPACK. We discuss a
way to take advantage of the sparsity structure in the QR fac-
torization, which can be done by modifying ScaLAPACK routines,
see Section 3.1. We further compare the performance of QDWH-PD
and Zolo-PD. It turns out that Zolo-PD has better scalability
than QDWH, though it requires more floating-point operations.
When using many MPI processes, Zolo-PD can be much faster
than QDWH-PD. Combining with ELPA, we show that Zolo-SVD
can be much faster than the ScaLAPACK routine PDGESVD and
QDWH-SVD. We use some sparse matrices from University of
Florida sparse matrix collection [9], and some randomly con-
structed matrices to test the Zolo—SVD algorithm. Our QDWH-SVD
and Zolo-SVD software library are freely available at https://
github.com/shengguolsg/Zolo-SVD.

Note that a similar implementation of Zolo-SVD is discussed
in [18], which is also based on ScaLAPACK.! Their experiments are
conducted on a Cray XC40 system by using randomly generated
ill-conditioned dense matrices, and draw a similar conclusion that
Zolo-PD outperforms QDWH when using many processes. Compar-
ing with it, we further exploit the sparsity structure and use some
sparse matrices from particular applications to do the experiments.

1 We know this later after the first review round of this paper. Our manuscript
was first motivated by Sukkari et al. [37] and mostly finished before the end of July
2017.

2. QDWH-PD and Zolo-PD

The polar decomposition is an important problem in numeri-
cal linear algebra community, and the well-known PD algorithms
include the scaled Newton (SN) method [21], QDWH-PD [30], and
Zolo-PD [31], etc.

2.1. QDWH-PD

QDWH is a QR-based dynamically weighted Halley iterative
method for computing the polar decomposition [30]. QDWH com-
putes the polar factor Q as the limit of the sequence X defined by

X1 = Xe (@] + DX X)) I+ aXp Xe) ™' Xo = Al (2)

where « is an upper bound of the maximum singular value of
A, a>||All,. In QDWH the parameters a, b, and c; are chosen
dynamically to speed up the convergence. If a, =3,b,=1,¢, =3
are fixed, it gives the Halley iteration, which is cubically conver-
gent [21].

The iteration (2) requires explicit matrix inversion and thus
it may have potential numerical stability issue. It is shown
in [30] that (2) is mathematically equivalent to a QR-based imple-
mentation, which is inverse-free. The practical QDWH iteration is :
XO = A/oz,

_ by 1 by .
X1 = axk+ ﬂ(ak ka Q:Q;, (3)

where ‘/?Xk = 8; R,k > 0. The main cost lies in computing

the QR factorization of an (m + n) x n matrix and a matrix multi-
plication, both of which can be done in a communication-optimal
manner [3,12].

Iteration (2) is also mathematically equivalent to the following
form,

Zy =1+ Cle:‘Xk, L, = ChOl(Zk),
X1 = %ka + (@ — ﬂ)(XkL,?] )L

Ck

(4)

where chol(Z;) denotes the Cholesky factorization of Z;. The start-
ing point is that when the absolute value of ¢, is small, matrix Z
is probably well-conditioned and computing the Cholesky factor-
ization is cheaper than QR factorization. As suggested in [32], we
switch from (3) to (4) as long as ¢, < 100. In general, the QR itera-
tion (3) is usually required only once or twice. Our implementation
of the QDWH algorithm is based on ScaLAPACK, and the main pro-
cedure is quite similar to that one in [38].

2.2. Zolo-PD

The QDWH parameters a, b, and c in (2) are computed as the
solution of the rational max-min optimization problem in [30],
a-+ bx?

max min X—,
abc t<x<1 14+cx

(5)

subject to the constraint f(x) =x‘]1j:%"§ <1 on [0, 1]. The param-
eters in the QDWH iteration can also be obtained by finding the
best type-(3, 2) rational approximation to the sign function in the
infinity norm, see [31].

Nakatsukasa and Freund [31] extend f(x) € R3, to higher order
rational polynomials f(x) € Ry, 1.2 for general r>1. The obtained
optimal rational function is called Zy.,q(x; ¢) the type(2r+1,2r)
Zolotarev function corresponding to ¢, and the solution is given by

X2+C2j
X2 +C2]‘_1.

ZZH—] (X;Z) ZMXH (6)
j=1
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Here, the constant M > 0 is uniquely determined by the condition
1-— 22r+1 (1§ Z) = _(1 - 22r+1 (& Z)),
and the coefficients cq, ¢, ...,

25n2(%; /)

C”Z(zlrlil ; 5’)

cy are given by

G=t¢ i=1,2,....2r (7)

where sn(u; ¢') and cn(u; ¢') are the Jacobi elliptic functions (see,
eg,[1,Ch.5]), ¢ =y/1-eand K = [/> —9% ___ It is more
& [ ]) V1-(¢/)2sin%6

convenient to use the scaled Zolotarev function

. r
ZZr+1(X?€) —MXl_[ X +C21 (8)

Zor1(x;0) =
21 (% 6) Zori1(1; ) TX2 0]

~ T+cy;
_ T 2j—1
where M = [;_, Ty -

Combining the iterative process of QDWH with the scaled
Zolotarev functions, we arrive at an algorithm of computing the
polar factorization, called Zolo-PD [31]. The convergence order is
2r+1, and r is related to the condition number of matrix A. For
ill-conditioned matrices, r should be large for fast convergence.

The following theorem shows that Eq. (8) can be written in par-
tial fraction form, which endows Zolo—-PD with good parallelism.
Each QR factorization in (10) can be computed simultaneously, and
therefore the computation time can be reduced significantly. For
example, when r =8, we divide all processes into 8 groups, and
each group computes one QR factorization in (10), instead of us-
ing all processes to compute 8 QR factorizations sequentially. Com-
pared with QDWH-PD, another advantage of Zolo-PD is that it
requires much fewer iterations, about two-thirds fewer, see [30],
since QDWH requires six iterations for ill-conditioned matrices.

Theorem 2.1 ([31]). For the function sz(x;z) as iAn (8), and a
matrix X with SVD X =U -diag(o;) - V*, the matrix Zy..1(X;¢) :=
U - diag(Zyr41(0y; €)) - V* is equal to

.
Zor1(X: ) = M X+ > aXX*X + D7 ). 9)

j=1

where a; = —(ITie1 (€2j-1 — €21)) - (ITke1 ke (C2j-1 — Cak—1) ). More-
over, Zyr,1(X; ¢) can be computed in an inverse-free manner as

e
Gl Q2 (10)
Zyr(Xs £) = M<X +Y i «/%Qﬂsz)-

A table is given in [31] to guide the choice of r. It is suggested
in [31] to choose r such that it requires at most two iterations.
This strategy is not suitable for the distributed parallel environ-
ment, which may require much more computational resources. We
will further discuss it below in Section 4. Another problem with
using the QDWH-PD and Zolo-PD algorithms is to estimate two
parameters « and B such that 0 < 8 <0 in(A) < o max(A) <. It can
be computed easily by « = ||A||r and 8 = (y+/n)~!, where y is the
1-norm estimate of A=, as suggested in [30, Section 4].

2.3. Zolo-SVD

A framework for computing the SVD via the polar decompo-
sition and the eigendecomposition has been proposed in [22,33].
It first computes the polar decomposition of A, A= QuH and then
computes the symmetric eigendecomposition of H, H = VXV*. Fi-
nally, the SVD of A is obtained from A = (QpV)XV*.

Many algorithms have been proposed for this approach, and
their differences lie in how to compute the polar decomposition

and the symmetric eigendecomposition. In [22], it suggests us-
ing a method based on Padé iteration for the polar decomposi-
tion and any standard method for the symmetric eigendecomposi-
tion. In [33], it computes the polar decomposition by the QDWH
algorithm and the symmetric eigendecomposition by QDWH-EIG
which is a spectral divide-and-conquer algorithm based on the po-
lar decomposition, see [33] for details. In [37], it is shown that
QDWH-EIG is not as efficient as the symmetric eigendecomposi-
tion routines in MAGMA on GPUs. The results in [38] also show
that QDWH-EIG would be slower than ELPA for ill- and well-
conditioned matrices on distributed memory systems. Therefore,
we also use ELPA to compute the eigendecomposition of H in our
implementation. The SVD algorithm in [31] is based on Zolo-PD
which is implemented in Matlab and there are no results about its
performance on supercomputers.

The framework for computing SVD used in this paper is sum-
marized in Algorithm 1. We use Zolo-PD to compute the polar
decomposition and use ELPA [2] to compute the symmetric eigen-
decomposition on the distributed memory parallel computers.

One of the main differences between ELPA and the DC al-
gorithm in ScaLAPACK is that ELPA uses a two-stage approach
for tridiagonalization. Compared with ScaLAPACK, ELPA has better
scalability and can be up to two times faster on Tianhe-2A super-
computer, see [28] for results on other supercomputers. Unfortu-
nately, there are few packages that have efficiently implemented
the two-stage bidiagonal reduction (BRD) algorithm. We guess that
the two-stage BRD extended to the distributed environment sys-
tems can achieve similar speedups as the tridiagonal reduction
(TRD), which will be our future work. For multicore architectures,
PLASMA has provided a high-performance BRD, which achieves up
to 30-fold speedup [26] on a 16-core Intel Xeon machine against
the LAPACK implementation in Intel MKL version 10.2.

In this work, we are concerned with computing the SVD of
(nearly) square matrices. For highly rectangular matrices, many ef-
ficient algorithms are based on randomized techniques [20]. An-
other approach is to compute the SVD incrementally, such as the
SVD-updating algorithm in [40]. A hierarchically incremental SVD
approach is proposed in [25], which is similar in spirit to the CAQR
factorization [12]. It divides the matrix A into many chunks along
the column dimension, A = [A1|A;]---|Am]. The SVD of each A; can
be computed independently by using different process groups and
then merged hierarchically together. Similar to Zolo-PD, it is nat-
urally parallelizable.

Algorithm 1. [Zolo-SVD]Input: A general matrix A € R™*" with
m>n.
Output: the SVD A=UZXV*.

1. Compute the polar decomposition A = Q,H via Zolo-PD.

2. Compute the symmetric eigendecomposition H =VXV* via
ELPA.

3. Compute U = QpV.

3. Implementation details

The serial Zolo-PD algorithm requires more flops than QDWH,
see [31], but it is naturally parallelizable. We can use many MPI
processes and implement Zolo-PD in parallel. We use r process
groups to compute r QR factorizations or Cholesky factorizations
simultaneouly. Therefore, the operations of each iteration cost by
each process group is about the same as QDWH. By comparing
with the number of iterations required, the parallel version of
Zolo-PD is supposed to be about three times faster than QDWH,
which is also confirmed by the results in Section 4. Note that the
idea of exploiting the sparsity structure is not new, which has
been mentioned in [32, Appendix A.1] and implemented in [36] on
manycore architectures. In this section, we firstly introduce how
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Table 1

Comparison of the structured QR algorithms with ScaLAPACK.

No.Proc ~ Matrix 10000 x 5000
PDGEQRF  MPDGEQRF  Speedup PDORGQR  MPDORGQR  Speedup
256 0.91 0.69 132 0.39 0.27 143
512 0.89 0.66 1.34 0.30 0.20 1.51
1024 0.76 0.64 1.23 0.21 0.16 1.26
2048 0.87 0.75 1.18 0.15 0.13 1.21
Matrix 20000 x 10000
256 3.36 2.46 1.36 1.98 1.37 145
512 291 214 1.36 1.45 0.97 1.49
1024 2.08 1.60 1.30 0.88 0.61 1.46
2048 2.00 1.57 1.28 0.69 0.47 147

to exploit the sparsity structure by modifying the routines in
ScaLAPACK. It turns out that our structured QR algorithm can be
up to 1.5 times faster than the one in ScaLAPACK. We then in-
troduce our implementation of Zolo-SVD based on ScaLAPACK in
Section 3.2.

3.1. Fast structured QR algorithms

In the Zolo-PD alorithm (see (10)), we need to compute the QR
)I( , where X e R™" is a gen-
eral matrix, and I ¢ R™" is an identity matrix. The main idea of
the structured QR (Struct-QR) algorithm is to take advantage of the
sparsity of the bottom part of matrix M, i.e., the identity matrix
I. While, the classical QR will ignore all the zeros in matrix I and
treat it as a dense matrix. By exploiting this special sparsity struc-
ture, each Householder reflector in the Struct-QR algorithm has at
most m + 1 nonzero elements instead of m + n in the classical one.
Therefore, it could save a lot of floating-point operations by ex-
ploiting this sparsity structure. We introduce how to exploit the
sparsity structure of M block column by block column below. Dif-
ferent from the method suggested in [32], our implementation can
be seen as a block version of it, and every NB columns are trans-
formed together. Therefore, each Householder reflector in our im-
plementation has at most m+NB nonzero elements.

In this work, we implement it by modifying the routines in
ScaLAPACK, PDGEQRF and PDORGQR. The routine PDGEQRF com-
putes a QR factorization of a general matrix A by computing the
QR factorization of the first NB columns and then the next NB
columns, and so on, where NB is the block size. The process of
Struct-QR is similar to that shown in Fig. 1, which is denoted by

factorization of a tall matrix M =

ook K & ik * k| %k %k ok %
* ik ok & ok ok ¥ %% % % %
% % % % x % * x| % % x %
m
SRR R R * k| %k k ok %
o E R TR
% % % % x % * k| % % x %
* :*
NB
% *
* *
* *
% *
* *

MPDGEQRF, for simplicity. The difference between MPDGEQRF and
PDGEQRF is that the row dimensions of the panels in MPDGEQRF
are at most m+NB, where NB «n. Note that we use “row di-
mension” to denote the number of rows of a matrix. While, the
row dimensions of panels in PDGEQRF could be much larger
than MPDGEQRF. For example, the row dimension of the first
panel of PDGEQRF is m + n. The ScaLAPACK routine PDORGQR can
be similarly modified to generate the orthogonal matrix Q com-
puted by MPDGEQRF, and the structured version is denoted by
MPDORGQR.

To compare the structured QR factorization with ScalLAPACK
routines, we use two random matrices M with different di-
mensions which are 10000 x 5000 and 20000 x 10000, respec-
tively. The experiments are done on Tianhe-2A super computer,
located in Guangzhou, China. Each compute node has two Intel
Xeon E5 2692-v2 CPUs and 24 cores in total. This experiment is
done in MPI-only mode, and it runs 24 MPI processes on each
node in principle. We use 256, 512, 1024 and 2048 processes to
test these four routines MPDGEQRF, MPDORGQR, PDGEQRF and
PDORGQR. The execution times are shown in Table 1, from which
we can see that the speedups over ScaLAPACK are from 1.18 to
1.51.

3.2. Implementation based on ScalAPACK

Our implementation highly depends on the ScaLAPACK and
BLACS routines, and therefore it is portable. We use BLACS rou-
tines to split the communicators and perform the communications
among all the processes. The algorithm proposed here works for
both sparse and dense matrices. Note that for sparse matrices our
algorithm does not exploit their sparsity properties when comput-

*
* ¥ % %

¥ A H X ¥ X ¥ ¥ *
* X Kk ¥ ¥ K| ¥ *
* % ¥ % %X %X ¥ ¥
* X ¥ ¥ ¥ %X ¥ ¥

¥ ¥ X X H X X[ X ¥ ¥ %
* % A Ok X K| X ¥ ¥ %

NB * *

NB

Fig. 1. The procedure of structured QR factorization.
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ing its SVD, as done in ScaLAPACK, since Zolo-SVD can be seen as
a direct method for computing the SVD.

Algorithm 2. [Distributed Parallel Zolo-SVD] Input: A sparse or
dense matrix A € R™", Assume A is distributed among np pro-
cesses, organized as nprow x npcol, and their corresponding BLACS
context is ALL_CONTXT.

Output: The SVD of A=UXVT.

—

. Compute o, and X; =A/«, involving all the processes in
ALL_CONTXT;
2. Compute B and let ¢ =, involving all the processes in
ALL_CONTXT;
3. Choose r based on k = ¢! or fix r =2 or 3.

+ Use BLACS routine BLACS_GRIDMAP to divide all the pro-
cesses into r subgroups, np =r x sep_np, and their BLACS
context is TOP_CONTXT;

 The sep_np processes in the same row of TOP_CONTXT are
further organized as sprow x spcol, and associated with an-
other context SEP_CONTXT;

4. While not convergent, involving all the processes in each
SEP_CONTXT

(a) Compute ¢; and q; as defined in (7) and (9);

(b) Compute M = [T}_; (14 ¢35 1)/(1 +¢3);

(c) The processes in the same SEP_CONTXT compute the QR or

Cholesky factorization

Xl _ Q41 N aj _N*
[ml} N [QL}RJ’TJ = Vo a

or

{ZZjl = XiX1 + ¢zl

Ty = a;(XL,) )Ly*

12
Y (12)

2j-1
where sz_] = ChOl(sz_] ).
(d) The r subgroups together compute,

X5 I=1\7I<X1+ZTJ‘), (13)
j=1

involving all the processes
TOP_CONTXT.
(e) Verify that W < el/@+1) holds. If not, X; <X, and
update ¢ := MeTT}_; (€ + 2))/ (€2 + Caj_1);
. End while
5. Choose one SEP_CONTXT to redistribute X, to all the processes
in ALL_CONTXT;
6. Compute H = %(X;A + (X5A)*), and its EVD H = VXV* via ELPA
or ScaLAPACK, involving all the processes in ALL._CONTXT;
7. Compute the singular vectors U = X,V via PDGEMM, involving
all the processes in ALL_CONTXT.

The parallel Zolo-SVD algorithm is summarized in
Algorithm 2, which can be easily changed to an executable
ScaLAPACK routine. There are three different MPI process grids,
and two BLACS contexts are associated with all the processes,
which are ALL_CONTXT and TOP_CONTXT. Their process grids
are nprow x npcol and r x sep_np, respectively. The processes
in the same row of TOP_CONTXT are further organized into
a sprow x spcol 2D grid, and the associated BLACS context is
SEP_CONTXT. We assume the whole matrix is firstly distributed
among all the processes, and then it is redistributed to the
processes in each SEP_CONTXT by calling the BLACS routine
PDGEMR2D. Then, each individual QR factorization in (11) or
Cholesky factorization in (12) can be computed by the processes
in each SEP_CONTXT simultaneously. Note that the main compu-
tational part of Zolo-PD lies in computing the QR and Cholesky
factorizations.

in the same column of

—

The computation of X,, defined in equation (13), requires a
summation of r terms, and each term is computed by a individ-
ual subgroup of processes. To compute the summation, commu-
nications are required. In our implementation, the summation is
done by using the BLACS routine DGSUM2D. We only need to add
the corresponding data in the same column of the process grid
associated with TOP_CONTXT. This is because the data distribu-
tion of {T;}'s among the processes in every subgroup is the same.
The times of data redistribution are very small, see the results in
Table 6. For a sparse matrix A, we can also let each process have
one copy of A when its storage is not large, stored in its sparse
form. This can avoid one time of communication.

We test the performance of Zolo-PD by using two different
ways of choosing r. Firstly, r, the number of subcommunicators, is
obtained as suggested in [31] based on the condition number of A.
This strategy works well for the well-conditioned matrices. How-
ever, for the ill-conditioned matrices it may require too many com-
putational resources, for example, when r = 8. Another strategy is
to choose a small r but use more iterations. In our implementa-
tion, we choose r =2 or 3. Comparing with the first strategy, the
number of iterations of the second one would increase by one or
two. The convergence rate of Zolo—PD is reduced, but it is still of
order 5 or 7.

4. Numerical results

Our experiments are performed on Tianhe-2A supercomputer
located in Guangzhou, China, which is one of the fastest supercom-
puters in the world, having a peak performance of 100.7 petaflops
in theory and 61.44 petaflops in Linpack benchmark. It has a to-
tal of 16,000 compute nodes. Each compute node is equipped with
two Intel E5-2692 CPUs, 64GB of DDR3 main memory. The inter-
connect network topology is an opto-electronic hybrid, hierarchical
fat tree. For compilation we used Intel fortran compiler (ifort) and
the optimization flag -03 -mAVX, and linked the codes to Intel
MKL (composer_xe_2015.1.133). As suggested in [38], we only in-
vestigate pure MPI implementation, and set NB = 64 for the two-
dimensional block cyclic data distribution (BCDD). Each compute
node uses 24 MPI processes in principle.

Example 1 We first use three sparse matrices with medium size
from real applications, which are obtained from the University of
Florida sparse matrix collection [9]. The names of these matrices
are illustrated in Table 2.

The number of iterations of Zolo-PD depends on r. The last
column of Table 2 shows the values of r suggested by [31] based on
the condition numbers. When r is larger, Zolo-PD has higher con-
vergence rate. Table 3 shows the number of iterations by Zolo-PD
in our experiments. From it we can see that when r=3 or 4
Zolo-PD requires two fewer iterations than QDWH-PD, which ex-

Table 2
Summary of basic matrix characteristics.

Matrix n nnz Condition number 1
nemeth03 9506 202,157  1.29e+00 2
fvi 9604 47,434 1.40e+01 3
linverse 11,999 53,988 9.06e+03 4
Table 3
The number of iterations required by QDWH-PD and Zolo-PD.
Matrix QDWH r=2 r=3 r=4
nemeth03 4 3 3 3
fvil 5 4 3 3
linverse 5 4 3 3
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Time comparisons of PDGESVD with Zolo-SVD.

Matrix n Method Number of processes
256 512 1024 2048 4096
nemeth03 9,506 PDGESVD 61.45 15.97 15.14 14.85 15.57
Zolo-SVD 24.73 1511 10.91 11.83 10.01
Speedup 248 1.06 139 1.26 1.56
fvi 9,604 PDGESVD 95.60 20.18 19.06 18.11 19.03
Zolo-SVD 30.65 17.58 12.82 12.65 11.54
Speedup 312 115 1.49 143 1.65
linverse 11,999 PDGESVD 144.37 29.87 26.43 25.01 32.38
Zolo-SVD 50.29 28.64 19.62 18.64 15.83
Speedup 2.87 1.04 135 134 2.05
Time Pecentage of Each Stage - Time Comparisons of PDGESVD and Zolo-SVD
100% : 3 r
90% 400
80%
o 300
i = SVec 200
50%
20% MEVD 100 .
H Zolo-PD
o 0 ke _
20%
8 16 32 64 128 256 512 1024
10%
M Scal APACK M Zolo-SVD
0%
256 512 1024 2048 4096

Fig. 2. The time percentages spent in each step of Algorithm 2.

plains the speedups of Zolo-PD over QDWH-PD in some sense
when implemented in parallel.

The comparison results of Zo1o-SVD and PDGESVD are shown
in Table 4. Note that the results in Table 4 are obtained by using
the same number of processes and choosing r =2 in Zolo-SVD
for all these three matrices. It shows that Zolo-SVD can be
3.12x faster than PDGESVD for matrix £v1 when using 256 pro-
cesses. Note that the number of processes used by PDGESVD
and Zolo-SVD are shown in the first rows of Table 4. Fig. 2
shows the time percentages spent in each step of Algorithm 2,
where Zolo-PD denotes the polar decomposition step, EVD de-
notes computing the eigendecomposition of H by using ELPA, and
SVec denotes computing the singular vectors via PDGEMM. From it
we can see that most work lies in computing Zolo-PD, and that
as the number of processes increases, EVD takes more percentage
of time. The comparisons of QDWH-PD and Zolo-PD are shown in
Table 5. It turns out that Zolo—PD is about 1.20x times faster than
QDWH-PD when using many processes.

The results in Table 4 show that the timings of PDGESVD and
Z01o-SVD both decrease as the number of processes increases
and the decrease of Zolo-SVD is faster than PDGESVD. It shows
that Zolo-SVD has better strong scalability than PDGESVD, for

Table 5
Times of QDWH-PD and Zolo-PD (r = 2) when using the same number of
processes.
Matrix Method Number of processes
256 512 1024 2048 4096
nemeth03 QDWH-PD  16.51 1202 814 736 5.55
Zolo-PD 1656  8.55 6.42 4.79 444
Speedup 1.00 141 1.27 1.70 1.25
fvi QDWH-PD  16.16 12.75  8.62 723 5.97
Zolo-PD 2226  10.87 740 6.02 5.82
Speedup 0.73 117 116 1.20 1.03
linverse QDWH-PD 3763 2025 1297 1015 935
Zolo-PD 3740 19.07 1243 875 7.92
Speedup 1.01 1.06 1.04 116 118

Fig. 3. The time comparisons of PDGESVD and Zolo-SVD for nemeth03.

example, the timings of PDGESVD for matrix nemethO3 decrease
very slowly from 512 to 4096 processes. When looking into the
scalability of PDGESVD, we find that superlinear speedup happens
for PDGESVD, for example, see the timings of matrix nemeth03
in Table 4 from 256 to 512 processes. Note that the results shown
in the rows denoted by ‘Speedup’ in Table 4 are defined as
% in this example. It makes the speedup of Zolo-SVD
over PDGESVD go down first and then up. We have performed this
experiment for many times, include using different versions of In-
tel MKL. The routine PDGESVD uses the implicit zero-shift QR al-
gorithm [13] to compute the SVD of a bidiagonal matrix. It calls the
LAPACK routine DBDSQR, which becomes much faster when using
512 processes than using 256 processes. Since Zo1lo—-SVD requires
more floating-point operations than PDGESVD, Zolo-SVD can be
slower than PDGESVD when using few processes. It is verified by
Fig. 3 for matrix nemethO3 and processes from 8 to 1024, and
Z01o-SVD is slower than PDGESVD when using 8 and 16 pro-
cesses.

In this example we further use the matrix nemeth03 to show
the benefits of the Struct-QR algorithm proposed in Section 3.1. For
this matrix, Zolo—PD takes one QR factorization and two Cholesky
factorizations. The time comparisons of Struct-QR and QR in ScalLA-
PACK are shown in Fig. 4, where the speedups of Struct-QR over

Time Comparison and Speedup
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Fig. 4. The time comparisons of QR and Struct-QR for nemeth03.
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Profiling the computational stages of Zolo-PD for matrix fv1.
Zolo-PD requires three iterations and the times are in second.

No. Proc 256 512 1024
QR 342 3.03 2.07
Combin. 6.64e-02 7.21e-03 6.26e-02
FormX2 2.82e-02 1.98e-02 1.47e-02
Chol. 1.95 1.38 0.89
Combin. 1.74e-02 1.84e-02 3.80e-02
FormX2 1.96e-02 1.38e-02 1.26e-02
Chol. 1.89 1.22 0.75
Combin. 1.34e-02 1.20e-02 1.03e-03
FormX2 1.87e-02 1.33e-02 1.38e-02
Table 7

Summary of basic matrix characteristics.

Matrix n nnz Condition number
bcsstk18 11,948 80,519 3.46e+11
c-47 15,343 113,372 3.16e+08
c-49 21,132 89,087 6.02e+08
cvxbgpl 50,000 199,984  1.09e+11
randl 10,000  dense 3.97e+07
rand2 30,000 dense 1.24e+07

QR are also included. The results are similar to those in Table 1,
and Struct-QR is usually faster than QR by about 20%-40%. Struct-
QR is always faster than the QR in ScaLAPACK. Since Struct-QR re-
quires much fewer floating-point operations than QR, the execu-
tion time is reduced significantly when using few processes. When
using eight processes, Struct-QR is faster than QR by 35 s. While,
the benefit of using Struct-QR is not much when using many pro-
cesses. Struct-QR is only faster than QR by 0.5 s when using 1024
processes.

Example 2 The main drawback of Zolo-PD is that it re-
quires too many floating-point operations for ill-conditioned ma-
trices when requiring at most TWO iterations. One approach to
fix this problem is to choose a small r. In this example we let
r be 2 and let QDWH-PD and Zolo-PD use the same number of
processes, and the results are shown in Table 5. The first rows
of Table 5 show the number of processes used. From it, we
can get that Zolo-PD is usually faster than QDWH-PD. Because
Zolo-PD decomposes all MPI processes into r relatively indepen-
dent groups, it is more loosely coupled and therefore more scalable

63

than QDWH-PD. Zolo-PD becomes faster than QDWH-PD when us-
ing many processes.

Compared with QDWH-PD, Zolo-PD further requires com-
munications among different subcommunicators. We profile the
Zolo-PD algorithm and Table 6 shows the times cost by each
stage of Zolo-PD, where the rows Combin. show the commu-
nication time cost by DGSUM2D, which computes the summation
of ZL] T; in Algorithm 2. The rows FormX2 show the maximum
time of computing X, of all subgroups. The results were obtained
for the matrix £v1 when let r = 3, and Zolo-PD took three iter-
ations, the first one used QR factorization and the other two used
Cholesky factorization. From it we can see that most time lies in
computing the QR and Cholesky factorizations and the communi-
cation times between different communicators are negligible.

Example 3 We use some larger and more ill-conditioned matri-
ces to further test Zo1lo—SVD and compare it with PDGESVD. The
properties of these matrices are shown in Table 7, where rand1
and rand?2 are two matrices with random Gaussian entries. These
matrices include symmetric ones and nonsymmetric ones, sparse
ones and dense ones. Some matrices are very ill-conditioned and
their condition numbers are in the order of 101,

In this example we let PDGESVD and Zolo-SVD use the same
number of processes and let r=2, and the numerical results
are shown in Table 8, where the first row contains the num-
ber of processes used and the other rows contain the times cost
by PDGESVD and Zolo-SVD, and the speedups of Zolo-SVD
over PDGESVD. It turns out that Zolo-SVD is always faster than
PDGESVD for these matrices when using many MPI processes, for
example using 4096 processes. Since the speedups of QDWH-SVD
over PDGESVD are similar to those of Zolo—-SVD, the results are
not included in Table 8.

About how to choose r, it depends on the computational re-
sources you have and the condition number of matrix. The number
of iterations by Zolo—-PD when choosing different r are illustrated
in Table 9, which are consistent with the results in [31]. It only
decreases by one iteration when r is increased from 2 to 5, and
therefore r =2 or 3 is probably a good choice. Another reason is
that taking r too large can lead to numerical instability [31].

4.1. Numerical accuracy

The backward error of the overall SVD is computed as

|A—-UXV*|[F

Residual = ,
Al

Table 8
Time comparisons of PDGESVD with Zolo-SVD (r = 2).
Matrix n Methods Number of processes
256 512 1024 2048 4096
bcsstk18 11,948 PDGESVD 71.2 18.5 17.7 16.8 171
Zolo-SVD 489 278 209 14.1 133
Speedup 145 0.67 0.85 119 1.29
c-47 15,343 PDGESVD 125.6 385 275 27.0 26.1
Zolo-SVD  89.7 493 381 238 214
Speedup 140 0.78 0.72 113 1.22
c-49 21,132 PDGESVD 356.4 3379 826 733 66.7
Zolo-SVD  279.0 111.8 76.7 47.6 38.6
Speedup 1.28 3.02 1.08 154 173
cvxbgpl 50,000 PDGESVD 2.6e3 1.5e3  91e2  6.2e2  4.2e2
Zolo-SVD  1.9e3 1.1e3 7.8e2 41e2  33e2
Speedup 137 1.36 117 1.51 1.28
randl 10,000  PDGESVD 98.3 20.1 18.3 18.2 18.6
Zolo-SVD  30.6 18.2 14.8 10.9 10.4
Speedup 3.21 110 1.24 1.70 179
rand?2 30,000 PDGESVD 1024.7 9165 2285 1685 1275
Zolo-SVD  465.3 266.1 189.0 1054  79.0
Speedup 2.20 344 1.21 1.60 1.61
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Orthogonality
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Fig. 5. The residual of the computed SVD, and the orthogonality of the computed left singular vectors.
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Table 9

The number of iterations by Zolo-PD when choos-
ing different r.

Matrix r

2 3 4 5
bcsstkl8 4 4 3 3
c-47 4 4 3 3
c-49 4 4 3 3
linverse 4 3 3 3
nemeth03 3 3 3 3
fvi 4 3 3 3

where U € C™", V e C™" are orthogonal and ¥ e C™" is diagonal

and its diagonals are the singular values, || X||r denotes the Frobe-

nius norm of matrix X and ||X||, denotes the 2-norm of X. We test

the orthogonality of the computed singular vectors by measuring
= wwe e

Orthogonality —

where W equals to U or V, and n is the dimension of matrix A.

We compare these three methods, PDGESVD, QDWH-SVD and
Z01o-SVD, and the numerical results are shown in Fig. 5. The
matrices tested are bcsstk18, c-47, c-49, fvl, linverse,
nemeth03, cvxbqgpl, randl, and rand?2, which are numbered
from 1 to 9 in the subfigures of Fig. 5, respectively. The results il-
lustrate that the algorithm is numerically stable, and the computed
left and right singular vectors are highly orthogonal. The relative
residuals, defined in (14), of the computed SVD by Zolo-SVD and
QDWD-SVD are as accurate as those computed by PDGESVD for
these matrices, and the results are shown in Fig. 5(a). Zolo-SVD
is comparable to QDWH-SVD, and their accuracy are in the same
order. The orthogonality of the computed singular vectors by these
three methods are always in machine precision, less than 1.0e —
15. The results for the right and left singular vectors are similar,
and only the results for the left singular vectors are included in
Fig. 5(b).

5. Conclusions

A new distributed parallel SVD algorithm, called Zolo-SVD, is
implemented in this work, which is based on the Zolo-PD [31] al-
gorithm and the symmetric eigenvalue decomposition algorithm.
The main advantage of this algorithm is that it is highly scal-
able. When using many computational resources, numerical results
show that Zolo-SVD is about two times faster than PDGESVD.
Compared with QDWH-PD, Zolo-PD has higher convergence rate

and the drawback is that Zolo-PD requires more floating-point
operations. To be faster, it is better to implement Zolo-SVD in
parallel. We use many sparse matrices from the University of
Florida sparse matrix collection and some random dense matri-
ces to conduct the numerical experiments. Our implementations
of the QDWH-SVD, Zolo-SVD and Struct-QR algorithms are freely
available at https://github.com/shengguolsg/Zolo-SVD.
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