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Abstract In this paper, an approximate LU factorization algorithm is developed for
nonsymmetric matrices based on the hierarchically semiseparable matrix techniques.
It utilizes a technique involving orthogonal transformations and approximations to
avoid the explicit computation of the Schur complement in each factorization step. A
modified compression method is further developed for the case when some diagonal
blocks have small singular values. The complexity of the methods proposed in this
paper is analyzed and shown to be O(N?k), where N is the dimension of matrix
and k is the maximum off-diagonal (numerical) rank. Depending on the accuracy and
efficiency requirements in the approximation, this factorization can be used either as
a direct solver or a preconditioner. Numerical results from applications are included
to show the efficiency of our method.
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1 Introduction

Rank-structured matrices have been an area of intense research recently. We call
a matrix A rank structured if the ranks of all its submatrices not containing any
diagonal entries are small compared to the size of matrix A. Examples include
‘H-matrices [2,14,16], H2-matrices [15,17], sequentially semiseparable (SSS) matri-
ces [5], and hierarchically semiseparable (HSS) matrices [5]. They all share the same
feature that all their off-diagonal blocks are numerically low rank. More recently,
they have been shown to play central roles in the superfast direct factorization and
preconditioning of certain classes of large sparse matrices [29,31].

Our main objective of this work is to develop a fast and numerically stable algorithm
to compute an approximate factorization of matrix A such that

A=8+0(1), (1)

where S is a generalized LU factorization with § = LU , L (ﬁ ) an HSS matrix (see
Sect. 3 for more details), and t is a user-prescribed tolerance. The factorization (1) can
be used as a direct solver for a tiny value of t or a preconditioner for a large value of t.

A similar algorithm has been proposed in [20] to compute an approximate Cholesky
factorization of a symmetric positive definite (SPD) matrix. These two algorithms have
the same complexity O (N2k), where N is the dimension of A and k is the maximum
numerical rank of off-diagonal blocks. The complexity for LU factorization (1) is
analyzed in Sect. 3.4.

The main idea of these two algorithms is to find two orthonormal matrices, %/ and
%, such that the LU or Cholesky factorization of 2 A#T is approximately computed
without calculating the classical Schur complements. Note that %/ and #* would be the
same matrix in the SPD case. Since only a small piece of the Schur complement in each
factorization step is computed, our algorithm saves many floating point operations
and has better data locality than the methods which calculate the classical Schur
complements (for example the method [30] in the SPD case).

Note that an LU factorization algorithm has been proposed for HSS matrices orig-
inally in [22] and its proof is given later in [25]. Comparing with that, our algorithm
works directly on a (dense) matrix, not requiring the HSS construction step. More
importantly, our factorizations are mainly computed through sequences of orthonormal
transformations such as Householder or QR, and thus the generators for off-diagonal
blocks of L or U are orthogonal. While, the generators computed by method in [22]
can be ill-conditioned, see Sect. 4 for an example. To distinguish these two LU fac-
torization algorithms, we call the factorization in [22] HLU and the factorization (1)
generalized LU factorization (GLU) in this paper.

Recent work has suggested the efficiency and effectiveness of utilizing randomized
algorithms [18,21,24] for low-rank matrix compression, which is faster than truncated
SVD or rank-revealing QR (RRQR). We incorporate the randomized technique into
our factorization algorithm in Sect. 3.4. To show the efficiency of our algorithm, some
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Fig. 1 A4 x 4 HSS matrix

numerical results are included in Sect. 4, which show that our algorithm can be 2—4
times faster than backslash in Matlab, with even greater speedups for larger matrices
or implemented in other high-level programming language such as Fortran or C. Being
a preconditioner, GLU could make the iterative methods such as biconjugate gradient
stabilized iterative [BICGSTAB(¢)] method converge very quickly even when 7 is
relatively big.

The structure of this paper is as follows. In Sect. 2 we introduce some basic con-
cepts of HSS matrices and some standard low-rank matrix approximation methods
including the randomized sampling method. In Sect. 3 we present the generalized
HSS LU factorization algorithm in detail, and analyze its complexity. Section 4 illus-
trates the efficiency of our algorithm via two standard boundary integral equations and
two matrices constructed from large sparse matrices. We close this paper with some
conclusions in Sect. 5.

2 Preliminary

In this section, we introduce some notation and some key concepts of HSS matrices.
Some standard low-rank matrix approximation methods are also included, especially
the randomized sampling method that is chosen to implement our algorithm.

2.1 Notation

Let || - || denote the I; norm. Let Z = {1, 2, ..., N} be the index set of columns of
matrix A and 7 be a binary tree. For a nonleaf node i, denote its left child as i; and
right child as i, respectively. We further assume 7 is postordered. That is, the ordering
of nonleaf node i satisfies i1 < i < i. Figure 1b shows a postordering tree, where
node 1 and node 2 are siblings, node 3 is a parent node.

Each node i is associated with a contiguous subset of Z, t;, which satisfies the
following conditions:

— Uielevel ¢ti =Z,and t; N't; =, where i and j are different nodes at level £;

— t; Ulsip(i) = tpar(i)» Where sib(i) and par (i) denote the sibling and parent of a node
i, respectively.

— troot(7) = T, root(7) denotes the root of 7.

@ Springer



38 S.Lietal

Furthermore, for each node 7, let ¢ be the set of all indices less than those in #; and

t! be the set of all indices greater than those in #;. Thus, Z = tl.“ Ut; Ut for each node
i. Just as introduced in [30], we call a block row (column) of A excluding the diagonal
block an HSS block row (column), or just HSS block. We use
H" =[A(t,1f) A(t,1])] and H' = |:

A(tf, t,-)j|

Ar.n)

to represent the ith HSS block row and block column respectively.

2.2 Introduction of HSS

The HSS matrix was first discussed in [7,8], based on the work of Starr [26]. It
has been widely used to solve many problems such as integral equations and certain
classes of large sparse matrices. It is interesting to note that HSS matrices also have
connections with the more traditional structured matrices such as Toeplitz matrices
and Cauchy matrices (see [6]).

The HSS is an efficient hierarchical matrix representation that systematically
explores the low-rank property of off-diagonal blocks. We follow the notation in
[27,30] and use postordering to order the nodes of HSS tree. Let A be a 4 x 4 block
matrix. The partition of A is shown in Fig. 1a, b shows its corresponding HSS tree.
Then, A can be written as in HSS form

D UiB1Vy  URBsW] V] URBWIV]

U2 B V! Dy UsRyB3W] V] UsRyB3W] VI
A= .2
UsRsBs W[ VI UsRyBeW] V] Dy UsBy VI

UsRsBsW[ V]I UsRsBsW] V] UsBsV] Ds
These D;, U;, R;, Bi, W;, and V; are called generators. If A is symmetric, D; =
Dl.T, U =V;,,Ri = W;,and B; = BjT, where i and j are siblings. The structured LU
factorization proposed in this paper works directly on matrix A without constructing
these generators.

To introduce our algorithm more precisely, we need one more definition, the visited
set for a node of the HSS tree [30].

Definition 1 The visited set associated with node i of the postordered binary tree
7T is

V; = {Jj|j is aleft node and sib(j) € pred(i)}, 3)
where pred(i) is the set of predecessors associated with node i:

{i}, if i = root(7),

pred(i) = [ {i} Upred(par(i)), otherwise.
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Fast structured LU factorization for nonsymmetric matrices 39

The visited set can be recorded by using a stack S, : if node i is a left node, push
i onto the stack Sy; otherwise, pop an element from the stack. Just before we dealing
with node i, the elements in the stack S, form V.

2.3 Low rank approximation

In this subsection we introduce some low-rank matrix approximation methods. Some
well-known low-rank approximation methods include RRQR factorization [3,4], SVD
[12], interpolative decomposition [9,21], etc.

In our algorithm, we use randomized sampling methods to do compressions, which
are very efficient and stable with quite high probability [18,24]. This kind of methods
can approximately compute the SVD or QR decomposition of a large matrix quickly.
In general, it has two stages:

— compute an approximate low-rank basis Q € R”** of the range of A such that
A~ QQ*A, L < min{m, n};
— compute the desired decomposition of the matrix B = Q*A.

The basic idea of randomized algorithm is to multiply A by a random matrix §2 from
right (or left) to get a much smaller matrix Y, which captures most of the interested
properties of A. For example, the SVD of matrix A can be computed approximately
by the following steps. We assume A € R™*" and its rank is k (& min(m, n)).
Firstly, choose a random matrix §2 € R™* *+p) whose elements are from a normalized
Gaussian distribution, and compute Y = AS2. The parameter p is called oversampling
parameter, a modest constant around 5 or 10, [18,24]. Then, Q can be an orthonormal
basis for the column space of Y, which can be computed by QR or SVD. Finally,
A~ Q(Q*A) = QUxEVT) = (QU)TVT.

In our algorithm, we are only interested in finding an approximate orthogonal basis
of the range of A, i.e., a low-rank approximation A ~ QT,T = Q*A where Q has
orthonormal columns. The randomized algorithm that we used has the following steps:

— generate an n X (k + p) matrix §£2 whose elements are Gaussian random variables
with zero mean and unit variance,

— compute the product ¥ = AS2,

— compute an approximate orthonormal basis Q of the range of Y.

Low rank matrix approximation problems can be divided into two kinds: fixed-rank
approximation and fixed-precision approximation. Fixed-rank approximation finds a
tall matrix Q and a wide matrix 7', such that A &~ QT and Q has exactly rank k, a
prefixed number. While, fixed-precision approximation finds a low-rank approxima-
tion such that the error between A and its approximation is less than 7, i.e., satisfying
|IA— QQ*A| = O(t), Q has orthogonal columns. We can implement our algorithm
in these two ways. Fixed-precision approximation methods are usually found to be
more efficient. We describe in detail how to use the randomized algorithm to compress
HSS block rows and columns in Sect. 3.4.
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40 S.Lietal.

3 Generalized LU factorization for nonsymmetric matrices

In this section, we develop our algorithm to compute an approximate LU factoriza-
tion (1). This algorithm is hierarchical in nature, which follows a postordering HSS
tree. On each node of this tree, a compression scheme is used to approximate the
associated off-diagonal submatrices; and a merging scheme is used from one level of
the tree to the level above.

As an illustration, consider a given matrix A € RV in 2 x 2 partition:

Ay A
A= , 4
|:A21 A22:| @

where Ajp € R™™ Ay € RWV=mX(N=m) ‘and A5, Ay are matrices with appro-
priate dimensions. We further assume that matrices A2 and A»; have rapidly decaying
singular values and hence can be well-approximated by low-rank submatrices.

Several approaches can be used to replace Aj> and A»; by low-rank submatrices.
Our goal, however, is to approximately factorize A so that the inverse of matrix S
in (1) is a good approximation A~'. To this end, we first assume that

A =Xpv] (5)

is a given factorization of Ajj. Later on in Sect. 3.1, we will discuss issues related
to the factorization (5). Similar to the Cholesky factorization in [20,30], we would
compress the HSS block row X 1_1A12 and HSS block column Az Y, T In the SPD
case, an important benefit of doing so is that some positive semidefinite matrices
would be implicitly added to the Schur complements, which guarantees the existence
of Cholesky factorization. This compression method uses the information both from
diagonal and off-diagonal submatrices, which is different from the HSS construction
algorithms proposed in [8,23].

Furthermore, the compressed HSS block row and column should have the same
numerical rank (which will be more clear later). To achieve this, compute an orthogonal
decomposition of the form

Gl Z‘} ©)

[x7'A v 'ALl=[0 QZ][Gz V4

where Q = [Q1 Q3] is an orthogonal matrix, Q> € R™*k1 The decomposition is
partitioned such that || [G1 Z1] |2 = O(7). In other words, this single decomposition
can reveal the numerical low-rank structures in both X 1_1 Apand Y 1_1 Ale.

Equation (6) is equivalent to

_ G T Zy
and the (1, 1) block of A can be rewritten as
An=X10 Mo’
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Fast structured LU factorization for nonsymmetric matrices 41

We now compute two QL factorizations of the forms,
Hrd 1 )\’
X,0=UMLY, and v,0=vD (R( >) :
where LD is lower triangular and R(! is upper triangular. This allows us to write

Ay = UDLO RO (Va))T,

which leads to

L RM L(l)[gl}
2

A=\ 41 ", )
[Z;] R Ay

where
1 1
1|’ 1’ ’

Note that the lower (upper) triangular matrix L (R(D) is computed via orthogonal
transformations, and %/ and 7] are orthogonal matrices which can be ignored in the
following process. To perform a Gaussian elimination step, we partition

(1) &) (1)
L 11 R M _ R 11 R 12

LM —
ORFTONE (1)
L21 L22 R22

, ®)

where Lélz) and Rélz) have the same row dimension as submatrix G,. Now the middle
matrix on the right hand side of Eq. (7) can be factorized as

G Ly T 1) o)
W p 7] G1 T I
et [GZ] [ORD g Ry Ry Gi
T =My 22 192 2 G2 /
VA R 4 21 0 .
22 2 zI 1L 4Ry An =216y 1
[ a 1T M p)
Ly ! M) ) (1) Rir Riz
~l b Ly Ry Ly G2 I )
1
L 1] ZzTRéz) A I

In the above equation we have ignored matrices G1, Z1 [causing O(t) errors in the
factors], and Z lTGl [causing O (7?) error in the Schur complement]. Ignoring Z lTGl
makes our algorithm free of computing the classical Schur complement.
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42 S. Lietal.

The benefits are reducing floating point operations and data movements, see
also [20]. In the SPD case, ignoring Z ITGl further makes the Cholesky factoriza-
tion more stable, and this technique is called Schur compensation in [30] and Schur-
monotonic in [13].

Now, we have compressed the first HSS block and only need to store

) E(l) = I:Rill) R§12)i| ’ U(l)’ V(l)ﬂ and kl’ (10)

which will be called generators for the generalized LU factorization. They will be
used in the solvers (Algorithms 4, 5).

The process can be continued similarly by following the postordering HSS tree.
We denote

I I
M p) () |
LR LS)Gy | . D, AW

| oN)
ZIRY)  Axn A, A2

It should be noted that after dealing with node 1 we only need to work on the following

smaller matrix
i A o
A Ay |

nth

To keep matrix (11) square, the row dimension of Afllz)z should be the same as the

column dimension of At(zlgl . That is why we compress the HSS block rows and columns
simultaneously, see (6).

For node i in the general case, the process is similar. We need to determine
the HSS block row H;/’” and HSS block column H ol which are defined as
Hw = (A (’* | Aygdand HE' = (A0 A
Jis j2, ..., Js; are the elements of visited set V;. Figure 2 shows the HSS block row
(column) of node 2. It will be easier to use a stack to find the HSS block rows and
columns.

The process of compressing HSS block rows (columns) and factorizing main diag-
onal blocks is summarized in the following algorithm.

N A,t] , Where

Algorithm 1 (compressing off-diagonal blocks) Suppose each off-diagonal block of
A corresponding to node i has m; rows and columns and its rank is ;.
— Factorize the main diagonal block A;,;, = X; Yl.T.
— Determine the HSS block row H/°* and HSS block column Hf”l, and compress
= (X' HO" YN HEDT] & 02[Gay Z1), where Q = [Q1 Qa] is an
orthonormal matrix and Q, € R™i <k
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Fig. 2 The HSS block row
(column) of node 2

— Compute UV and V@ from Y V@D = QR® and X; 0 = UVLD, where

@) @) @) @)
. L . R R . L
LY = ;il) @ | =" 112) cand let LV = :il)
Ly Ly Ry, Ly;
RY = [R](? R}"z)] (LS RY) e Rk,

— Compute D; = ngRgz) and the keeping nonzero off-diagonal rows At@ =
ngGz, and off-diagonal columns A(lt), = ZzT Rgz) of node i.

Remark 1 The small block D; is the only Schur complement that needs to be computed
during the compression step for node i. Note that the size of D; is much smaller than
the size of A.

3.1 Modified compression method

In this subsection, we discuss the computation of factorization (5). As motivated by
work in [20] for SPD matrices, we choose X and Y to be similarly conditioned. If
the matrix A1 itself does not contain any tiny singular values as compared with [|A||2,
we can computed its factorization Aj; = X YlT directly by LU factorization or SVD.
When A1 does contain some tiny singular values, we should be more careful. Other-
wise, the orthogonal decomposition (6) can potentially become numerically unstable.
We provide a strategy for this case.

In short, we perform compressions only after separating the well-conditioned part
of Ay from the ill-conditioned part. We choose two (orthogonal) matrices, UandV,
to transform A into

o [Ar
U AI]V—|:* Al (12)

where A is the well-conditioned part and A; has some small singular values.
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44 S. Lietal.

One way to achieve that is to let U and V be the left and right singular vectors of
A1 repectively. Then, UTALVisa diagonal matrix and its diagonal entries are the
singular values of Aj;. There may be some other (more efficient) ways to choose U
and V. We multiply the first block row and column of A by Uand V respectively,

R UT A
A2V Ap
singular values of Ay as its diagonals, X' is an m x mj matrix and X» has small
singular values.

Because of the singularity of X, we only compress the first m (< m) off-diagonal
rows and columns by using Algorithm 1 similarly (now the main diagonal block is a
diagonal matrix X), and get the following factorization,

and get matrix |: ], where ¥ = |:El 5 ] is a diagonal matrix with
2

L RM L |:gl ]
i7 2
X UrA L
T 12 _
“ [Ale A }%_ , 2%} A , (13)
z _
Pl

where G;, Z; are obtained as in (6).
If we partition LD and R as in (8), we can get a similar factorization to (9), and
for node 2 we only need to consider

(1) p() (1
L5/ R L5y Go
1) 22 22 22
D, A
|: 11 t1t2:|= [ 22] [212} ) (14)
AY

Ax n o~
[ZZT RY) Ay ] A
To be more clear, we summarize the process in the following algorithm.

Algorithm 2 (modified compression method) Suppose each HSS block of A corre-
sponding to node i has m; rows and columns and its rank is ;.

— Find the well-conditioned part of the main diagonal block A;,;,,
ﬁTA,i,i V= |:21 5 ] , and compute | = XiYiT € R%xdi.
2

— Determine the HSS block row H;" and HSS block column Hi""l , and compress
H = [X;'OTH")(1:di,) Y7HHEOVIE L 2 d)T] ~ 0:[Gy 2],
where Q = [Q1 Q] is an orthonormal matrix and Qy € R%*ki -

— Compute UV and V@ from Y V@D = QR® and X; 0 = UV LD, where

O
Rll R12

i) _ @) ki xki .
, R(l) — (l) ,R22 ER X :
R22
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() p(@)
— Compute D; = |:L22 R 5 :| and the keeping nonzero off-diagonal rows

2

A — | L5 Go
(UTH!*")(d; + 1 : end,:) |’

ti,:
and off-diagonal columns
A = ZF RY (HEV)C.di 412 end) |
— Store the generators,
@) @)
Ly Ryy ) )
. . . (@) . @)
O — | OT _ - o_pglV O_p|Y
LY = Lgl) , R = Rilz) U _U|: I]V _V|:
0 0

~
| |

ki :=m; —d; + k;, where I is an (m; — d;) x (m; — d;) identity matrix.

Remark 2 — Algorithm 2 first computes two (orthogonal) matrices to make the top-
left part of the main diagonal block well-conditioned, whereas Algorithm 1 fac-
torizes the diagonal block directly.

— In Algorithm 2, we can compute X = X1Y1T by X1 =7 = 211/2.
— Note that we do not need to store the zeros in L@ and R® in practice. It is written
this way just to be consistent with Algorithm 1.

3.2 Merging

Like other HSS algorithms, our HSS LU factorization method also has two phrases:
“compression” and “merging”. For each leaf node, we need to compress its HSS block
row (column) and factorize its main diagonal block. For each parent node, we need to
first merge the data of its children and then perform the compression and factorization
in a similar fashion.

We use node 3 as an example to show how to deal with parent nodes. When we
arrive at node 3, we merge the nonzero parts of node 1 and node 2 and get the following
matrix

D, B AW

2
As=| By Dy Aéj; , (15)
AD AD y
iy Thh Thh

where B is the part belonging to both the HSS block column of node 2 and the HSS
block row of node 1, B; is the part belonging to both the HSS block column of node
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46 S.Lietal.

1 and the HSS block row of node 2. Here we are assuming the original matrix A has
been partitioned into n x n blocks (n > 3).

. . . D B
As the leaf nodes, we first determine the diagonal matrix A3z = [ Bl Dl }, HSS
2 Dy
AL
block row H;°" = t('zt)z and HSS block column H{" = [At(,lt) AD ], then we
S N b t2t2
ity

use Algorithm 1 to compress the HSS block row (column) and get the generators for
node 3. Writing it explicitly, we get the following factorization

(D 3)
br B Az, Ly, I RO RO
(2) 3 Ds A(3) 1 f12
B, D> At i ~~ L5) 1 it} I , (16)
1) 4@ A(3 Agryr 1
At£f1 Atzzz Atz’z 1 1
where D3 = L(3) Rg), D3 e R¥3>k3 and the generators of node 3 are
_ LY
£0=| RO = [RY RY] VD, VO, andks. (17)
L
21

We continue this process until we arrive at the root node, where we only need to com-
pute an LU factorization. We summarize the whole process in the following algorithm.
Assume there are N; nodes totally, and node N; is the root node.

Algorithm 3 (generalized LU factorization for HSS matrices) Inputs:

1. A general matrix A which is to be factorized;

2. A binary tree 7, corresponding to A.

3. The block size of each leaf node {m;}.

4. Approximation parameter: r: the preset rank or t: the precision parameter.

Outputs:

U®: a orthonormal matrices for each node;
V. a orthonormal matrices for each node;
L®: a low-triangular matrix for each node;
R®: an up-triangular matrix for each node;
ki: the number of keeping nonzero off-diagonal rows (columns) for each node;

M NS

— Fori=1,...,N;,—1
1. if node i is a leaf node
— use Algorithm 1 to get the generators of node i;
2. if node i is a non-leaf node,
— Determine the main diagonal block A; from its children i, i>,

R Di, Bj, |.
All == |:Bi2 Di2:| 5
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— Determine the HSS block row Hi"’w and column Hl.”"l from its children,;
— Just like leaf nodes, use Algorithm 1 to compute U O, y®, L® and E(i),
and the keeping nonzero parts.
— End for

— For the root N;, determine the main diagonal block Ay, = |:DN” By,

from
Ber DNt2 ]

its children, then compute Ly, Ry, = lu(Ap,).

3.3 HSS LU solver

This solver is similar to those proposed in [20, 28], which we include for completeness.
This solver includes two steps: “forward substitution” and “backward substitution”.
Assume each node i has generators U @ y®, LG ), R® ,and k;, where k; is the number
of keeping nonzero rows. We follow the HSS postordering tree to implement the
forward and backward substitution.

Algorithm 4 (forward substitution) Partition b according to the leaf nodes and asso-
ciate each leaf node i with b;, and assume there are N; nodes.

— Fornodei=1,..., N, — 1,

1. if node i is a leaf node, compute

A

. —1
A . bl mi —k: LW . b 1 mi — ki
b':U(l)T~b': ,\l’l ! l, then b; = 11 b = i1 i 1;
l l bi;» ki ' L(zll) 1 ! bi.» k;

2. if node i is a nonleaf node, b; is calculated by collecting the second parts of
biy;2

| b i2;2

respectively. Compute

_ . —1
b = LYE ] DT p = |:bi;1] m; —ki'

its children, b; = ], where i1, i> are the left and right child of node i,

Lgl) I bin ki
— End for
— For root node Ny, by, = [ZN”;Z }, where N1, Ny, are the left and right child of
Ni2;2

node N; respectively, compute by, = L;tl -by,.

The backward substitution is similar to the conventional one except that we need
to multiply some orthogonal matrices V® in our algorithm.

Algorithm 5 (backward substitution) For root N;, compute by, = R;,rl - by, and

bni1 | ki,
b2 | kN,
update the second part values of its children, by, .2 = by,;1 and by,,.2 = by, 2.

partition it according to its children N;; and N;,, i.e., by, = |: , and
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— Fornodei = N; —1,...,1,
1. if node i is a non-leaf node, compute

. , . b;.
bin =R bin = RY - bio), b=V b= [blﬂ
L

then update the values of its children: b;;.2 = b;;1, bj,.20 = bi:2;
2. if node i is a leaf node, compute

bi;1 = (Riil))_l <(biy — Rilz) -bj.2), then get the solution at node i,b; = [bm ] )

L)
— End for
— Collect all the solutions {b;;} of the leaf nodes, the final solution will be x =
[bl.Tl, o bg]T, if there are s leaf nodes.

3.4 Low rank approximation and complexity

Compression of HSS block rows and columns is a standard low rank matrix approxi-
mation problem. In our implementation, we used the randomized SVD method to do
these compressions. Recall that we want to compress the HSS block row and column
simultaneously, i.e., compress H = [X; ! H[¥ Yl._1 (Hf”l)T].

In this subsection, we will analyze the complexity of the whole algorithm. Before
we do that, we need a theorem from [27], which makes our analysis much easier and
more precise.

Theorem 1 ([27]) Let 7 be a perfect binary tree. Assume its root is at level 0 and its
leaves are at the largest (bottom) level. Let s; be the cardinality of V; in (3). Then at
level [, s; satisfies 1 <s; <[ for any node i, and the number of nodes i with the same
value s = j (1 < j < Dis fl = (j.).

The algorithm can be divided into two parts: leaf nodes and parent nodes. In
the following complexity analysis, we assume A is an N x N matrix; the HSS tree
has L levels, where [ = 0 is the root level; and all the HSS blocks have the same
rank k. Moreover, we assume there are 2n — 1 nodes on this tree where n is the
number of leaves, n = 2571, and each leaf node has m rows. Then, N = mn. Denote
LN = {i| node i is a leaf node}. Let N; be the number of columns in A;,r.

For each leaf node i, we have the following steps. l

— Factorize the main diagonal block A;; = UXVT = X, Y, which needs O (m?)
flops. Let X; = U X > and , i =VX 2 (There may be some other factorizations).

— Compute H = [2_%UTH[‘”” Pom VT (HHT], which needs O (2m? x (ks; +
Ni)) + O@2m x (ks; + N;)) flops, where H/?" ((Hi"‘)l)T) isam x (ks; + N;)
matrix, and s; is the cardinality of ;.

— Compress H and compute Q by the following steps:
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— multiply H by a random matrix §2 from right which has k 4+ p columns,
Y = HR € R™&+P) which needs O 2m (k + p)(ks; + N;)) flops.
— compute ¥ ~ Q Q*Y using SVD or (RR)QR, needs O (4m?>(k + p)) flops;
— Compute UYD and V® from YiTV(i) = QR® and X; 0 = UDLY  which needs
0 (m?) flops;
— Compute D; = ng) Ré’z), the kegping nonzero off-diagonal rows ng)Gz and off-
diagonal columns A,(l% = Z2T Rgz), which needs % + 2N;k? 4 2k3s; flops.

Therefore, the total cost of all the leaf nodes is approximately

Cr= > {20m* + m(k + p) + K*N; + 2(m*k + mk(k + p))s;
ieLN

3 5 263

+m” +4m (k+p)+T}

%8mZZNi+8k3 2si+10m3 21

ieLN ieLN ieLN

N
= 4m’n(n — Dm + 43nL + 10m>—
m

~ O(N*k) + O(NK?),

where we have used N = mn and m = O (k) and the results of Theorem 3.3 [27] or
Theorem 1, i.e.,

s LE()-

i€levl! j=1

21
S oN=> (n - ]%)m - %mn(2l — 1. (19)
j=1

iclevel

For the complexity of parent nodes, the analysis is similar. There are totally n — 1
parent nodes and the main diagonal block of each parent node is a 2k x 2k matrix, i.e,
m = 2k. At level [, there are 2! parent nodes. Adding up all the operations level by
level,

L-2
Cp~ D D {I8K*N; + 16k%s; + 41k%)
[=1 i€level ]
L-2 1 L-2
_ 2 1 3 ! 3
= 18k ;51\/(2 — 1)+ 8k l;zz +41K3(m - 1)
=9k’ N2L 1 4 8k3(n(L —3) +2) +41K3(n — 1)

~ O(N>k), (20)
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where we have used n = 2L~!, N = mn and m = O (k). The complexity for the root
3
node is C, = 232~ < N2k. So the total complexity C = Cy + Cp, + C, = O(N?k).

4 Numerical examples

In this section we illustrate some applications of our algorithm. All the numerical
experiments are implemented in Matlab, and performed on a laptop with 4G memory
and Intel(R) Core(TM) 17-2640M CPU.

Example 1 We use double layer and single layer potential method to solve an interior
Dirichlet problem for Laplace equation on a smooth planar boundary. We compute an
HSS LU factorization of the matrix getting from Nystrom discretization of one of the
following integral equations:

/IOgIP — Ql¢(Q)dsg = f(P), PeT, 2D
r
—l¢(P) + L/ iIOgIP — Ql¢(Q)dsg = f(P), (22)
2 27TF anQ

where n ¢ is the outward pointing unit normal of I', illustrated in Fig. 3 and £2 is the
domain enclosed by I, and P = (x, y).

The kernel in (22) is smooth and we use the trapezoidal rule to discretize this integral
equation. The equation (21) has a log-singular kernel and we use a quadrature method
proposed in [10] to solve this problem. This quadrature rule is easy to implement, but
has lower order of accuracy compared with the methods proposed, for example, in
[1,19]. In the implementation, we assume the exact solution is u(P) = e* cos(y) €
£2 U I and we could choose some random points in §2 and compare the numerical
solution to the exact one. We first use our algorithm as a direct solver and compare
it with the Gaussian elimination (GE) method (’backslash’ in Matlab). Then we use

Fig. 3 A hexagram boundary
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Table 1 Example 1 Comparison with Gaussian elimination when our algorithm is used as a direct solver

Problems 512 1,024 2,048 4,096 8,192

Single layer Gaussian 7.62e—03 5.10e—02 3.02e—01 2.10e+4-00 1.42e+4-01

GLU 6.97e—02 1.59e—01 4.20e—01 1.57e4-00 6.50e+-00
Double layer Gaussian 7.23e—03 5.85e—02 4.09¢e—01 3.30e—00 2.12e+01
GLU 7.70e—02 1.45e—01 3.90e—01 1.29e—00 4.82e+4-00

The execution times are in second

Table 2 Example 1 Comparison with other methods when our algorithm is used as a preconditioner

n Gauss w. hss W.0. pre. w. Jacobi Flops ratio
5,12 7.20e—03 7.35e—02(1.5) 1.44e—02(9.25) 2.85e—02(9.25) 5.32e—01
1,024 7.94e—02 1.73e—01(1.25) 5.30e—02(9.25) 1.07e—01(9.5) 1.79e—01
2,048 4.32e—-01 4.16e—01(1.5) 1.66e—01(9.25) 3.57e—01(9.5) 6.62e—02
4,096 2.96e—00 1.39e—00(1.5) 6.41e—01(9.5) 1.34e—00(9.5) 2.59e—02
8,192 2.10e+01 4.67e—00(1.25) 2.45e—00(9.5) 5.19e—00(9.5) 1.09e—02

The execution times are in second, and the numbers in the parentheses are the iteration numbers of
BICGSTAB(¢)

our factorization as a preconditioner of BICGSTAB(¥) to solve these problems. In this
example we let the bottom block size m = 60 and oversampling parameter p = 5.

Table 1 illustrates the results when using our algorithm as a direct solver to solve
(21) and (22). The results of our algorithm are obtained by letting T = 1.0e—06
during the low-rank approximations. When the matrix becomes larger and memory
becomes a issue, our algorithm can be more than four times faster than Gaussian
elimination. It should be noted that our algorithm would be much faster if implemented
in C or Fortran. This is supported by results in the last column of Table 2, which
show the ratio of flops needed by our algorithm over that needed by GE (2N3/3).
In the sense of flops, our algorithm can be about 100 times faster than GE for large
matrices.

We also compare our algorithm as a preconditioner of BICGSTAB(¢) against the
Gaussian elimination method and BICGSTAB(¢) with/without Jacobi preconditioner.
Being a preconditioner, we let 7 = 1.0e—03 and solve the linear equations resulting
from discretizing equation (22). We illustrate the execution times (in second) in Table 2,
and use the following notation:

Gauss: the ‘backslach’ in Matlab,

w. hss: BICGSTAB(¥) with our factorization as a preconditioner,

w.o. pre:  BICGSTAB(¢) without preconditioner,

w. Jacobi: BICGSTAB({) with Jacobi preconditioner,

flops ratio: the number of flops of our algorithm divided by 2N3/3, where N
is the dimension of matrix

For BICGSTAB(¥), we let the relative residual tolerance be 1.0e—13. The numbers
in the parentheses of Table 2 are the iteration steps of BICGSTAB(¢). Table 2 shows
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Table 3 Example 2 Solve Hx = b, where b is a random vector

Transient Rajat29

w. hss W.W. pre. w. Jacobi w. hss W.0. pre. w. Jacobi
Time 5.69e—01 2.03e+01 4.38e+01 1.65e—00 8.03e+01 1.77e+02
Iteration 1.25 - 1430.25 4 - -
Rel. res. 8.25e—10 1.97e—02 6.05e—13 3.32e—10 1.17e—02 6.71e—02

time denotes the execution times in second, iteration denotes the iteration steps of BICGSTAB(¥), and rel.
res. denotes the relative residual of the computed x

that our algorithm can be four times faster than the Gaussian elimination method when
the matrix is large and that BICGSTAB(¢) needs much fewer iterations when using
our factorization as a preconditioner.

Example 2 Another and more important application of our algorithm is to develop
superfast solvers for sparse matrices, and this is also the main driving force of com-
puting the factorization (1). Superfast algorithms with structured factorization can be
found, for example, in [29] where a superfast method is proposed for large sparse SPD
matrices. Our algorithm is also suitable for nonsymmetric or symmetric not definite
sparse matrices. We take the matrices ‘transient’ and ‘rajat29’ from sparse matrix
collections [11] to show this point. We use the following Matlab commands to get a
dense matrix

— P =colamd(A);

— Q= colamd(A’);

- [L, U, PP] = lu(A(Q, P), ‘vector’);

— H=L(end — N :end, end — N :end) * U(end — N : end, end — N : end),

where N is the dimension of the dense block at the right-bottom part of L and
U. Matrix H has off-diagonal low-rank property. For ‘transient’ matrix we let
N = 1,948 and ‘rajat29’ matrix N = 3, 947. Both these two dense matrices are
nonsymmetric and ill-conditioned with condition numbers 3.04e+07 and 8.10e+06
respectively.

In this experiment, we use different methods to solve linear equations Hx = b,
where b is a random vector. The factorization (1) would be used as a preconditioner.
For BICGSTAB(¥), we let the relative residual tolerance be 1.0e—09 and the maximum
number of iterations be 1,500. The results are shown in Table 3.

For these two matrices in Table 3, BICGSTAB(¢) does not converge without precon-
ditioner, and it converges with the Jacobi preconditioner for the first matrix, while not
for the second one. Table 3 shows that BICGSTAB(?) preconditioned by GLU is the
fastest among these three methods. For the second dense matrix obtained from ‘rajat29’
matrix, Gaussian elimination needs 2.66 s and the relative residual is 1.23e—12. It fur-
ther supports our conclusion that for large matrices our algorithm can be faster than
Gaussian elimination.

Example 3 In this example, we show that the generators computed by HLU proposed
in [22] can be ill-conditioned, and thus HLU factorization can potentially loss accuracy.
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Table 4 Example 3 The results after preconditioned by HLU and GLU

HLU GLU
T 1.0e—01 1.0e—2 1.0e—03 1.0e—01 1.0e—02 1.0e—03
Pre. cond 5.86e+03 5.60e+00 5.60e+00 5.41e+00 2.75e+400 2.37e+400
Tteration 3.5 2.5 2.5 2.0 1.5 1.25

Generators 7.30e+-26 7.79¢+-26 7.79¢+-26 5.12e+4-05 6.09¢e+4-05 7.78e+05

We use the dense matrix constructed from ‘transient’ matrix to show this point, and
the results are included in Table 4, where

T denotes the accuracy parameter for the compressions of HLU and GLU algo-
rithm,

pre. cond denotes the condition number of the preconditioned matrix,

iteration denotes the iteration steps of BICGSTAB(?),

generators denotes the largest condition number of all generators.

We recall the process of HLU factorization briefly. It first constructs an HSS approx-
imation H, with generators U, V, R, W and B, to the dense matrix H obtained from
tran51ent matrix. Then the generators of factors Land R (H LR) D,U,V,R,W
and B, can be computed by traversing the HSS tree in two directions, upwards and
downwards. The computation involves LU factorizations and solving linear equations,
see [22,25] for details.

Some intermediate matrices during the computation of L and R may be ill-
conditioned. Therefore, some generators of L and R may have very large condition
numbers. The largest condition numbers of generators of L, R and L, U are shown
in the last row of Table 4. From it, we can see that generators for GLU have much
smaller condition numbers than generators for HLU. This is because GLU is mainly
computed through sequences of orthogonal transformations. The results in the third
row of Table 4 also show that being a preconditioner GLU is usually better than HLU.

Note that the ULV decomposition [8] can also be used to solve an HSS linear
system. ULV is computed through orthogonal factorizations, and is more numerically
stable than HLU. Our algorithm (GLU) usually competes with the ULV solver. For the
matrices shown in Table 3, GLU would be a better preconditioner than ULV. While,
for some matrices whose diagonal blocks are ill conditioned, ULV can be better than
GLU since the computations of X~ lHl.’”w and Yi_l(Hl.wl )T in GLU may introduce
many rounding errors.

5 Conclusions

We propose a structured LU factorization algorithm for nonsymmetric matrices, which
generalizes the Cholesky factorization algorithm in [20,28]. These factorizations are
both based on the HSS structure. In this paper, we further propose a strategy for the case
when some diagonal blocks are ill-conditioned. In summary, there are two important
features of our factorization.
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— Our HSS factorization algorithm computes low-rank approximations based on
information from both diagonal and off-diagonal submatrices of the given matrix.

— This factorization is designed to avoid the explicit computation of Schur comple-
ments throughout the whole computation process.

The first feature allows us to construct very effective preconditioners, whereas the
second significantly reduces the amount of required memory references.

Future work includes incorporating our factorization into superfast sparse direct
solvers and preconditioners for general large and sparse matrices.
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